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Abstract

Probabilistic numerical methods for ordinary differential equations have attracted research interest in
recent years. In this thesis we provide an overview of the existing approaches which extend Runge-
Kuttamethods in order to describe the solution of ordinary differential equations as a random variable.

Particular attention is devoted to studying the uncertainty introduced by probabilistic methods.
In particular, we analyze whether the output of these methods carries some information about the
numerical error. In particular, an adaptive time-stepping scheme which relies solely on statistical
information given by the probabilistic solver is introduced. While this adaptive scheme does not out-
perform standard approaches available in existing literature, it nevertheless preserves the convergence
properties of the underlying Runge-Kutta method, and thus shows that random variables produced by
probabilistic numerical methods carry information about the error.

Probabilistic numerical methods for ordinary differential equations are particularly effective in
the framework of Bayesian inverse problems, which are discussed in this thesis. Since the solution
of Bayesian inverse problems is given as a probability measure which is complex and often high
dimensional, we consider Markov Chain Monte Carlo and Sequential Monte Carlo methods in or-
der to sample from it. Furthermore, we discuss two Metropolis-Hastings samplers which are used in
conjunction with probabilistic numerical methods for solving Bayesian inverse problems: the pseudo-
marginal Metropolis-Hastings (PMMH) and the Monte Carlo within Metropolis (MCWM). To the
best knowledge of the author, we provide the first result on the approximation error of the MCWM
algorithm when used to sample solutions of Bayesian inverse problems for ODEs solved by proba-
bilistic Runge-Kutta solvers with respect to the step-size employed for time integration.

Finally, we consider infinite-dimensional Bayesian inverse problems, and discuss the computa-
tional framework required for their solution.
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Chapter 1

Introduction

Probabilistic numerical methods for ordinary differential equations have been an active research area
in recent years. Two major approaches have been developed so far: one that extends Runge-Kutta
methods by introducing stochastic terms in their design [3, 8], and another which exploits Bayesian
analysis on Gaussian processes [19].

In this thesis we focus on the first family of methods. In order to lay the basis of our discussion,
in Chapter 2 we introduce Runge-Kutta methods, study their stability properties, and present two
explicit stabilized Runge-Kutta schemes: RKC [27] and ROCK2 [4]. Furthermore, we outline an
adaptive time-stepping scheme suitable for these methods.

Building on this discussion, in Chapter 3 we give an overview of probabilistic Runge-Kutta meth-
ods which describe the solution of an ordinary differential equation in form of a random variable.
Firstly, we provide a general framework in which the existing methods can be cast into. Then, this
setting is used to introduce the additive noise (AN-RK) [8] and the random time-stepping Runge-
Kutta (RTS-RK) [3] methods. In the last section of this chapter we focus on adaptive time-stepping
strategies for the RTS-RK method. We extend the adaptive algorithm from Chapter 2 for which sat-
isfactory numerical results are obtained. Furthermore, an adaptive time-stepping scheme which uses
only statistical information given by the RTS-RK method to adapt time-steps is analyzed. While the
performance of this scheme is not advantageous to the existing approaches, it nonetheless conserves
the convergence order of the underlying Runge-Kutta method.

Apart for uncertainty quantification, probabilistic numerical schemes for ODEs are particularly
useful in the framework of Bayesian inverse problems. Therefore, in Chapter 4 we give a brief
overview of Bayesian inverse problems. The exposition mostly follows the approaches given in
[12, 18, 26]. Moreover, we introduce Markov Chain Monte Carlo and sequential Monte Carlo meth-
ods for sampling the solution of Bayesian inverse problem which is given as a probability measure
𝜇Y . In order to use probabilistic numerical solvers we introduce two more sampling schemes, i.e., the
pseudo-marginal Metropolis-Hastings (PMMH) and the Monte Carlo within Metropolis (MCWM).
We study the convergence properties of MCWM in Section 4.5.1 in the limit case ℎ → 0, where ℎ is
the step-size of the probabilistic numerical method.
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Introduction

Finally, in Chapter 5 we consider Bayesian problems in the infinite dimensional setting and
introduce necessary adaptations for the approach from Chapter 4. Furthermore, we consider the
parabolic Brusselator partial differential equation, and show how its solution can be approximated by
the method of lines. In the last section of Chapter 5 we consider the problem of recovering the initial
condition of this problem by using the methodology developed for Bayesian inverse problems.

Numerical experiments are discussed at the end of each chapter in order to corroborate theoret-
ical results. The code which was used to generate these results can be found at https://github.com/
StankovicAleksa/master-project.
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Chapter 2

Runge-Kutta Methods and Stiff
Ordinary Differential Equations

In this chapter we present Runge-Kutta methods, which are an important class of numerical schemes
for solving ordinary differential equations (ODEs). The importance of ODEs stems from their appli-
cation in describing various processes studied in applied and social sciences.

In Section 2.1 we introduce general terms and definitions related to ODEs and Runge-Kutta meth-
ods, which will be used in the rest this thesis.

In Section 2.2, we discuss the stability properties of Runge-Kutta methods and introduce stiff
problems. Building on this exposition, in Section 2.3 we discuss explicit methods, which are conve-
nient for solving dynamical systems whose Jacobian of the driving term has eigenvalues ”close” to
the negative real axis in the complex plane.

In Section 2.4, we present adaptive time-stepping algorithms for Runge-Kutta methods. In par-
ticular, we discuss the embedding approach which is the most suitable in the context of stabilized
explicit methods. Furthermore, we show how to construct embedded methods for the explicit sta-
bilized integrators introduced in Section 2.3. We also explain how this local error estimate can be
combined with conveniently chosen proportional–integral–derivative (PID) controller to devise an
adaptive time-stepping algorithm for explicit stabilized methods.

2.1 Introduction

Consider a dynamical system
̇𝑦(𝑡) = 𝑓(𝑡, 𝑦), (2.1)

where 𝑓 ∶ ℝ × ℝ𝑑 → ℝ𝑑 and 𝑦 ∶ ℝ → ℝ𝑑 . If (2.1) is given an initial condition, it is called an initial
value problem (IVP), i.e.,

̇𝑦(𝑡) = 𝑓(𝑡, 𝑦), 𝑦(𝑡0) = 𝑦0. (2.2)
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In the most common case, the function 𝑓 and the initial condition 𝑦0 are known, and we are interested
in finding 𝑦(𝑇 ), the solution to this problem at some time 𝑇 > 𝑡0.

For the sake of simplifying the notation, we assume 𝑡0 = 0 in (2.2) and that 𝑓 does not depend
explicitly on 𝑡. Thus, we consider 𝑓 ∶ ℝ𝑑 → ℝ𝑑 and the dynamical system (2.1) reduces to

̇𝑦(𝑡) = 𝑓(𝑦), (2.3)

with the initial value problem associated to it being

̇𝑦(𝑡) = 𝑓(𝑦), 𝑦(0) = 𝑦0. (2.4)

Generality is not lost under these assumptions because (2.2) is equivalent to the autonomous system

�̇�(𝑡) = 𝑔(𝑥), 𝑥(0) = 𝑥0, (2.5)

where 𝑥(𝑡) = [𝑦(𝑡 + 𝑡0)⊤, 𝑡 + 𝑡0]⊤, 𝑔(𝑦) = [𝑓(𝑦)⊤, 1]⊤, and 𝑥0 = [𝑦⊤
0 , 𝑡0]⊤.

In order to ensure existence and uniqueness of the solution to the IVP, throughout the rest of this
work we make the following assumption.

Assumption 2.1. The function 𝑓 is locally Lipschitz continuous.

It is convenient to express the solution of (2.4) in terms of the flow of the differential equation.

Definition 2.1. Consider the dynamical system (2.3), and let Assumption 2.1 hold. The flow 𝜑 ∶
ℝ × ℝ𝑑 → ℝ𝑑 of (2.3) is defined as

𝜑(𝑡, 𝑦0) ∶= 𝑦(𝑡), (2.6)

where 𝑦(𝑡) is the solution of the initial value problem (2.4) at time 𝑡 ∈ ℝ. The semi-group notation
𝜑𝑡(𝑦0) ∶= 𝜑(𝑡, 𝑦0) is used as well.

In most cases the solution 𝑦(𝑇 ) to the initial value problem (2.2) does not admit a closed-form
expression, and therefore we rely on numerical schemes to estimate its value. Let us consider a
numerical method that approximates the solution 𝑦(𝑡) at the points 𝑡 ∈ {𝑡𝑛}𝑁

𝑛=1, 0 = 𝑡0 < 𝑡1 < … <
𝑡𝑁 = 𝑇 . In particular, we consider numerical methods which can be characterized by their numerical
flow Ψ (ℎ, 𝑦) ∶ ℝ+ × ℝ𝑑 → ℝ𝑑 , which is used to calculate the approximations 𝑦𝑛 of the solution 𝑦(𝑡)
at points {𝑡𝑛}𝑁

𝑛=1, by iteratively applying

𝑦𝑛+1 = Ψ (ℎ𝑛, 𝑦𝑛), 𝑛 = 0, 1, … , 𝑁 − 1, (2.7)

with ℎ𝑛 = 𝑡𝑛+1 −𝑡𝑛 being the step-sizes of the scheme. We also employ the notation Ψℎ(𝑦) ∶= Ψ (ℎ, 𝑦)
for the numerical flow. Since we have 𝑡𝑁 = 𝑇 , the last iteration gives us the value of interest, namely
𝑦(𝑇 ).
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2.1 Introduction

It is common to choose fixed step-sizes by setting 𝑁 beforehand and defining ℎ𝑖 = ℎ = 𝑇 /𝑁, 𝑡𝑛 =
𝑛ℎ. Note that in this case the values 𝑦𝑛 can be expressed as 𝑦𝑛 = Ψ𝑛

ℎ(𝑦0), where Ψ𝑛
ℎ = Ψℎ ∘ … ∘ Ψℎ is

the composition of 𝑛 numerical flows Ψℎ.
Since we consider numerical integrator of ODEs which are uniquely defined by their flow, we

will always introduce a method just by showing how 𝑦1 = Ψℎ(𝑦0) can be constructed. For example,
the simplest Runge-Kutta method for ODEs, the Euler explicit method, can be formulated as

𝑦1 = 𝑦0 + ℎ𝑓(𝑦0). (2.8)

A fundamental property of numerical integrators for ordinary differential equations is their order
of convergence.

Definition 2.2. A numerical method Ψ ∶ ℝ+ × ℝ𝑑 → ℝ𝑑 has order of convergence 𝑝 if and only if
for any 𝑇 ∈ ℝ+ there exists a constant 𝐶 independent of ℎ such that

‖Ψ𝑁
ℎ (𝑦0) − 𝜑𝑇 (𝑦0)‖ ≤ 𝐶ℎ𝑝, ∀𝑦0 ∈ ℝ𝑑 , (2.9)

where ℎ = 𝑇 /𝑁 is sufficiently small.

The order of convergence is closely related to the local error of a method, as can be seen from the
following result.

Theorem 2.1. Consider the IVP (2.2) and a numerical method Ψℎ. If there exists a constant 𝐶 , which
does not depend on ℎ, such that

‖Ψℎ(𝑦0) − 𝜑ℎ(𝑦0)‖ ≤ 𝐶ℎ𝑝+1, ∀𝑦0 ∈ ℝ𝑑 , (2.10)

then the numerical method has order 𝑝.

This theorem is a practical tool for computing the order of convergence of any given method. For
example, in the case of the Euler explicit method, the Taylor expansion around any point 𝑦0 is

𝜑ℎ(𝑦0) = 𝑦0 + ℎ𝑓(𝑦0) + 𝑂(ℎ2), (2.11)

and therefore (2.10) holds for 𝑝 = 1. Thus, by Theorem 2.1, the Euler explicit method has order of
convergence 1.

The Euler explicit method belongs to a class of Runge-Kutta methods, which are defined as fol-
lows.
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Runge-Kutta Methods and Stiff Ordinary Differential Equations

Definition 2.3. Consider the autonomous system (2.3), let 𝑠 ∈ ℕ and let 𝑎𝑖𝑗 , 𝑏𝑖 ∈ ℝ, 1 ≤ 𝑖, 𝑗 ≤ 𝑠. An
𝑠-stage Runge-Kutta method is defined by

𝑘𝑖 = 𝑓
⎛
⎜
⎜
⎝
𝑦0 + ℎ

𝑠

∑
𝑗=1

𝑎𝑖𝑗𝑘𝑗
⎞
⎟
⎟
⎠

, 𝑖 = 1, … , 𝑠,

𝑦1 = 𝑦0 + ℎ
𝑠

∑
𝑖=1

𝑏𝑖𝑘𝑖.

(2.12)

The vectors 𝑘𝑖 ∈ ℝ𝑑 , 𝑖 = 1, … , 𝑠, are called the internal stages of the method.

By setting 𝑠 = 1, 𝑎11 = 0, 𝑏1 = 1, we can see that the Euler explicit method (2.8) is indeed a
member of this class. Another classical Runge-Kutta method is Heun’s method

𝑘1 = 𝑓(𝑦0),
𝑘2 = 𝑓(𝑦0 + ℎ𝑘1),

𝑦1 = 𝑦0 + ℎ
2 (𝑘1 + 𝑘2),

(2.13)

which is of order 2. For both Heun’s (2.13) and explicit Euler (2.8) methods we can iteratively com-
pute the stages 𝑘𝑖 by evaluating the function 𝑓 with known arguments. All Runge-Kutta methods
endowed with this property are called explicit. The methods for which this is not possible are called
implicit. The simplest example of an implicit Runge-Kutta method is the implicit Euler method,
which is defined as

𝑘1 = 𝑓(𝑦0 + ℎ𝑘1),
𝑦1 = 𝑦0 + ℎ𝑘1.

(2.14)

We can see that for this method the value of 𝑘1 cannot by computed by simple evaluation of the
function 𝑓 , since the argument in 𝑓(𝑦0 + ℎ𝑘1) depends on 𝑘1 itself. Thus, in general, we need to em-
ploy some additional numerical scheme (typically Newton’s method) to solve the possibly nonlinear
equation (2.14), which makes the evaluation of the numerical flow of implicit methods computa-
tionally more expensive. However, implicit methods can possess advantageous stability properties
that explicit schemes cannot be endowed with, which makes them more suitable for certain types of
equations.

2.2 Stability of Numerical Methods

In the previous section we showed how the solutions of initial value problems can be approximated
by Runge-Kutta methods. Some of these methods are sensitive to small perturbations coming from
either round-off errors or from the approximation error of the initial condition. Due to this sensitivity,
they tend to magnify the errors, which renders their output of no practical use. In this section we
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2.2 Stability of Numerical Methods

introduce the concept of stability for Runge-Kutta methods, which quantifies robustness against such
small errors.

The stability properties of numerical integrators for ODEs are especially important in the context
of stiff problems. There is no precise definition of stiffness, but in general stiff problems tend to be
particularly expensive for unstable numerical methods, since they require extremely small step-size
in order to produce significant solutions. Many stiff problems are distinguished by the large ratio
between the largest and the smallest eigenvalue of their Jacobian, or by rapidly varying solutions.

We now introduce a concept of stability for Runge-Kutta methods. Consider the following lin-
earization of the dynamical system (2.3)

�̇�(𝑡) = 𝜕𝑓
𝜕𝑥 (𝑡)𝑤(𝑡), (2.15)

where 𝜕𝑓 /𝜕𝑥(𝑡) is the Jacobian matrix. Fixing the time parameter 𝑡, and diagonalizing the Jacobian
leads to the following problem

̇𝑦 = 𝜆𝑦, 𝑦0 = 1, (2.16)

where 𝑦, 𝜆 ∈ ℂ. This equation gives a description of how the local error propagates and is known as
the Dahlquist equation [11]. Since this method is used for studying the stability properties of numer-
ical schemes for ODEs, equation (2.16) is commonly called the test equation. Its explicit solution is
𝑦(𝑡) = 𝑒𝜆𝑡. We will always assume that Re(𝜆) < 0, which implies that 𝑦(𝑡) → 0 as 𝑡 → +∞.

Consider a numerical scheme applied to the test equation (2.16) with a fixed step-size ℎ. This
scheme produces approximations 𝑦𝑛 of the solution 𝑦(𝑡) at the times 𝑡𝑛 = 𝑛ℎ. Hence, in the limit for
𝑛 → +∞, we have that the exact solution is correct only if 𝑦𝑛 → 0. We are particularly interested
in schemes which exhibit this behavior, since they do not tend to accumulate errors, and thus show
favorable stability properties.

A simple iteration of any Runge-Kutta method applied to the test equation (2.16) can be expressed
as a rational function as stated in the following theorem.

Theorem 2.2. Consider an 𝑠-stage Runge-Kutta method applied to the test equation (2.16). Then the
numerical flow 𝑦1 = Ψℎ(𝑦0) can be expressed as

𝑦1 = 𝑅(𝑧)𝑦0, (2.17)

where 𝑧 = 𝜆ℎ, 𝑅(𝑧) = 𝑃 (𝑧)/𝑄(𝑧) is a rational function, and polynomials 𝑃 , 𝑄 are such that
deg(𝑃 ), deg(𝑄) ≤ 𝑠. Furthermore, in case the Runge-Kutta method is explicit we have 𝑄 ≡ 1.

For example, the numerical flow of the explicit Euler’s method can be expressed as 𝑦1 = (1+𝑧)𝑦0,
while the implicit Euler method is given by 𝑦1 = 1/(1 − 𝑧)𝑦0. Since the 𝑛-th approximation 𝑦𝑛
produced by a Runge-Kutta method applied to the test equation is 𝑦𝑛 = 𝑅(𝑧)𝑛𝑦0 and thus 𝑦𝑛

𝑛→∞−−−−→ 0
if and only if |𝑅(𝑧)| < 1 , it is natural to connect areas where |𝑅(𝑧)| < 1 with the numerical stability
of a method.
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Runge-Kutta Methods and Stiff Ordinary Differential Equations

Definition 2.4. The stability region of Runge-Kutta method is the set

{𝑧 ∈ ℂ|Re(𝑧) < 0 and |𝑅(𝑧)| < 1} , (2.18)

where 𝑅(𝑧) is the rational function associated to the method as per Theorem 2.2.

The stability regions of the implicit Euler and the explicit Euler method are shown in Figure 2.1.
We use a stability region to describe stability properties of a given Runge-Kutta method. In particular,
methods with larger stability regions have better stability properties. Furthermore, in order to enforce
stability, we choose methods for which the eigenvalues of 𝜕𝑓 /𝜕𝑥 around the trajectory of the true
solution belong to their stability domains.

−4 −3 −2 −1 0 1 2
−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

Fig. 2.1 Stability regions (green) of the Euler explicit method (left), and the Euler implicit method
(right).

2.3 Explicit Stabilized Runge-Kutta Methods: RKC and ROCK2

As we have seen in the previous section, stability properties of Runge-Kutta methods are described by
their stability domains. In this section we show howmethods with extended stability domains around
the negative real axis can be constructed. In particular, we focus on first and second order methods,
for which an increase in the stage number 𝑠 significantly enlarges the stability region around the
negative real axis. We decide to cover only explicit methods, since their evaluation is much cheaper
in comparison to implicit methods. These methods are a natural choice for approximating parabolic
differential equations discretized in space, which we consider in Chapter 5.

Since we focus on explicit methods, the rational function 𝑅(𝑧) from Theorem 2.2 reduces to a
polynomial 𝑃 (𝑧). We will refer to 𝑃 (𝑧) as stability polynomial in this chapter. Let us consider first
order methods for now. Let us fix the number of stages 𝑠, and look for a method with the largest
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2.3 Explicit Stabilized Runge-Kutta Methods: RKC and ROCK2

possible interval [−𝑙𝑠, 0] included in its stability domain, where 𝑙𝑠 > 0. It can be shown [27] that the
biggest value 𝑙𝑠 = 2𝑠2 is achieved in case the stability polynomial is a shifted Chebyshev polynomial

𝑇𝑠 (1 + 𝑧
𝑠2 ) , (2.19)

where polynomial 𝑇𝑠 can be iteratively constructed with

𝑇0(𝑥) ∶= 1,
𝑇1(𝑥) ∶= 𝑥,
𝑇𝑛(𝑥) ∶= 2𝑥𝑇𝑛−1(𝑥) − 𝑇𝑛−2(𝑥), 𝑛 ≥ 2.

(2.20)

The method defined by this stability polynomial is known as the Runge-Kutta-Chebyshev (RKC)
method [25, 27], and its stages can be computed with

𝑘0 ∶= 𝑦0,

𝑘1 ∶= 𝑘0 + ℎ
𝑠2 𝑓(𝑘0),

𝑘𝑗 ∶= 2ℎ
𝑠2 𝑓(𝑘𝑗−1) + 2𝑘𝑗−1 − 𝑘𝑗−2, 𝑗 = 2, … , 𝑠,

𝑦1 ∶= 𝑘𝑠.

(2.21)

The stability region of RKC method with 𝑠 = 5 stages is plotted in Figure 2.2.

−50 −40 −30 −20 −10 0

−20

−10

0

10

20

Fig. 2.2 Stability region of RKC method with 𝑠 = 5 stages.

However, we can observe in Figure 2.2 that the stability region is very thin in the vertical direction
at certain positions on the negative real axis. This can cause instabilities in case a small imaginary
perturbation is introduced. We can overcome this issue via the technique of damping, at the expense

9



Runge-Kutta Methods and Stiff Ordinary Differential Equations

of slightly smaller 𝑙𝑠. We start by prescribing the damping parameter 𝜈, 0 < 𝜈 < 1, and then modify
the method such that it satisfies |𝑃 (𝑧)| < 𝜈 in as big interval [−𝑙𝜈

𝑠 , −𝜀] as possible, where 𝑙𝜈
𝑠 , 𝜀 ∈ ℝ,

and 𝜀 is small. In order to enforce these constraints the RKC method is modified as

𝜇 ∶= 1 − 𝜈, 𝑤0 ∶= 1 + 𝜇
𝑠2 , 𝑤1 ∶= 𝑇𝑠(𝑤0)/𝑇 ′

𝑠 (𝑤0),

𝑘0 ∶= 𝑦0,

𝑘1 ∶= 𝑘0 + ℎ𝑤1
𝑤0

𝑓(𝑘0),

𝑘𝑗 ∶= 2ℎ𝑤1
𝑇𝑗−1(𝑤0)

𝑇𝑗𝑤0
𝑓(𝑘𝑗−1) + 𝑤0

𝑇𝑗−1(𝑤0)
𝑇𝑗(𝑤0) 𝑘𝑗−1 −

𝑇𝑗−2(𝑤0)
𝑇𝑗(𝑤0) 𝑘𝑗−2, 2 ≤ 𝑗 ≤ 𝑠

𝑦1 ∶= 𝑘𝑠.

(2.22)

The stability domain of the damped RKC method can be seen in Figure 2.3.
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Fig. 2.3 Stability region of damped RKC method with 𝑠 = 5 stages and damping parameter 𝜈 = 0.05.

Let us now focus on second order explicit stabilized methods. In this case, the coefficients of the
optimal stability polynomial 𝑃 (𝑧) are given as elliptic integrals [17]. Methods which have approxi-
mations of these coefficients in their stability polynomials are known as Lebedev-type methods [20].
Alternatively, we can consider RKC2 [27] and ROCK21 [4] methods which have suboptimal stabil-
ity polynomials, but they provide closed-form expressions for construction of stages in three-terms
recurrence formulae.

We explore here ROCK2 method since it has larger stability region than RKC2 method. Fur-
thermore, ROCK2 method has advantageous internal stability properties compared to Lebedev-type
methods, since the three-term recurrence formula of ROCK2 method is internally stable. A detailed
exposition of the ideas and derivation of ROCK2 method exceeds the scope of this thesis, so we here

1ROCK2 is an abbreviation for second order Orthogonal-Runge-Kutta-Chebyshev.
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2.3 Explicit Stabilized Runge-Kutta Methods: RKC and ROCK2

only give its definition

𝑘0 ∶= 𝑦0,
𝑘1 ∶= 𝑘0 + 𝜇1ℎ𝑓(𝑘0),
𝑘𝑗 ∶= 𝜇𝑗ℎ𝑓(𝑘𝑗−1) − 𝜈𝑗𝑘𝑗−1 − 𝜅𝑗𝑘𝑗−2, 2 ≤ 𝑗 ≤ 𝑠 − 2

𝑘𝑠−1 ∶= 𝑘𝑠−2 + 2𝜏ℎ𝑓(𝑘𝑠−2),

𝑦1 ∶= 𝑘𝑠−2 + (2𝜎 − 1
2)ℎ𝑓(𝑘𝑠−2) + 1

2ℎ𝑓(𝑘𝑠−1).

(2.23)

Values 𝜇𝑗 , 𝜈𝑗 , 𝜅𝑗 , 𝜎, 𝜏 are coefficients which depend on 𝑠 and are computed numerically. Let us remark
that the ROCK2method given in this form is already damped. However, in case we would like to fine-
tune the stability of ROCK2 method, we can introduce a parameter 𝛼 > 0 and change the damping
of ROCK2 method with

𝑘0 ∶= 𝑦0, 𝑘1 ∶= 𝑘0 + 𝛼𝜇1ℎ𝑓(𝑘0),
𝑘𝑗 ∶= 𝛼𝜇𝑗ℎ𝑓(𝑘𝑗−1) − 𝜈𝑗𝑘𝑗−1 − 𝜅𝑗𝑘𝑗−2, 2 ≤ 𝑗 ≤ 𝑠 − 2,

𝑘𝑠−1 ∶= 𝑘𝑠−2 + 2𝜏𝛼ℎ𝑓(𝑘𝑠−2),

𝑦1 ∶= 𝑘𝑠−2 + (2𝜎𝛼 − 1
2)ℎ𝑓(𝑘𝑠−2) + 1

2ℎ𝑓(𝑘𝑠−1),

(2.24)

where 𝜎𝛼 and 𝜏𝛼 satisfy

𝜎𝛼 = 1 − 𝛼
2 + 𝛼𝜎, 𝜏𝛼 = (𝛼 − 1)2

2 + 2𝛼(1 − 𝛼)𝜎 + 𝛼2𝜏. (2.25)

The stability region of the ROCK2 method is shown in Figure 2.4.
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Fig. 2.4 Stability region of damped ROCK2 method with 𝑠 = 5 and 𝛼 = 1.
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Runge-Kutta Methods and Stiff Ordinary Differential Equations

2.4 Adaptive Time-Stepping

In the previous two sections we have introduced Runge-Kutta methods which approximate the so-
lution 𝑦(𝑡) of an ODE by vectors {𝑦𝑛}𝑁

𝑛=1 at the points {𝑡𝑛}𝑁
𝑛=1. In the simplest case Runge-Kutta

methods are used with a fixed step-size ℎ = 𝑇 /𝑁 , in which case 𝑡𝑛 = 𝑛ℎ, 𝑛 = 1, … , 𝑁 . In this case
we can usually observe that the integration errors vary widely along the trajectory of the numerical
solution. This is because the behavior of the equation is not uniform, i.e., certain parts of the domain
are more problematic to integrate, and thus Runge-Kutta methods are less precise in these parts than
in the others. Therefore, it makes sense to consider non-uniform step-sizes {ℎ𝑛}𝑁

𝑛=1, chosen in an
adaptive fashion in order to control the numerical error. In particular, we design algorithms such that
the error of the Runge-Kutta integrator is locally always close to a certain prescribed tolerance.

We start this section by considering embedded Runge-Kutta methods, which allow for the quan-
tification of the error at every integration step. We focus on these methods since they are a particularly
suitable choice for the explicit stabilized methods presented in Section 2.3. Then, we show how ideas
from proportional–integral–derivative controller theory can be used to adapt step-sizes in order to
construct effective adaptive time-stepping schemes. Finally, at the end of this section, we corrob-
orate the exposition by considering a numerical test and showing that the adaptive time-stepping
algorithm exhibits advantageous performance over the fixed time-stepping method.

EmbeddedRunge-Kuttamethods provide at every step estimates 𝑦𝑛, 𝑦∗
𝑛, given by twoRunge-Kutta

methods of order 𝑝 and 𝑝 − 1, respectively. Then, the difference

𝐸𝑛 = |𝑦𝑛 − 𝑦∗
𝑛| (2.26)

between these estimates is used to approximate the error committed over a time-step. Intuitively, we
consider the estimate of order 𝑝 to be exact (or much closer to the exact solution) in comparison to the
estimate of order 𝑝 − 1, and thus their difference indeed reflects the local error. Furthermore, the two
estimates of embedded Runge-Kutta methods usually share most of the stages, which grants that the
introduction of two estimates comes with only a minor expense in additional functional evaluations.
Sometimes only the values of {𝑏𝑖}𝑠

𝑖=1 for the finishing procedures of the two Runge-Kutta methods
are different, in which case embedding comes at no additional cost.

One example of an embedded method is given by the pair of Euler’s explicit (2.8) and Heun’s
(2.13) method. In this case, we can reuse the stages of Heun’s method to construct explicit Euler’s
method with no additional cost in function evaluations.

In case of ROCK2 method (2.23), we can add two more stages

𝑘∗∗
𝑠−1 = 𝑘𝑠−2 + 2𝜏𝛼ℎ𝑓(𝑘𝑠−2), (2.27)

𝑦∗
1 = 𝑘𝑠−2 + (2 − 1

2
𝜎𝛼
𝜏𝛼

)𝜎𝛼ℎ𝑓(𝑘𝑠−2) + 1
2

𝜎2
𝛼

𝜏𝛼
ℎ𝑓(𝑘∗∗

𝑠−1), (2.28)
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2.4 Adaptive Time-Stepping

to construct an embedded method with two estimates 𝑦1, 𝑦∗
1 of order 2 and 1, respectively. It is

important to note that estimate 𝑦∗
1 shares the same stability properties of 𝑦1.

Let us now show how we can control the step-sizes using the local error estimator. We follow the
approach given in [1, 13], which uses ideas from theory of proportional–integral–derivative (PID)
controllers to select/reject the time-steps and update step-sizes during the integration of ODEs.

We prescribe a tolerance 𝜏 > 0 as an input to the adaptive time-stepping algorithm, in order to
control the accuracy of the final output. In particular, decreasing the value of the tolerance 𝜏 gives a
more precise output.

The adaptive time-stepping scheme chooses step-sizes {ℎ1, ℎ2, …} iteratively. Alongside choos-
ing the step-sizes, adaptive algorithm also constructs the approximations {𝑦1, 𝑦2, …}. Thus, in order
to construct the adaptive time-stepping algorithm we just need to explain how the step-size ℎ𝑛 is cho-
sen given the approximations 𝑦1, 𝑦2, … , 𝑦𝑛 calculated with step-sizes ℎ0, ℎ1, … , ℎ𝑛−1. Let us observe
that since we are using an embedded Runge-Kutta method, we know the error estimates {𝐸𝑖}𝑛

𝑖=1 of
the first 𝑛 integration steps. Let us define the relative integration error err𝑖 of 𝑖-th step, for 1 ≤ 𝑖 ≤ 𝑛,
with

err𝑖 = 𝐸𝑛
𝜎(𝜏, ℎ𝑖−1, 𝑦𝑖−1, 𝑦𝑖)

, (2.29)

where 𝜎 is a function given by

𝜎(𝜏, ℎ𝑖−1, 𝑦𝑖−1, 𝑦𝑖) = max(|𝑦𝑖−1|, |𝑦𝑖|)𝜏 + 𝜏. (2.30)

The adaptive time-stepping algorithm proposes the value of the step-size ℎ𝑛 by calculating ℎ𝑛𝑒𝑤 =
𝜅(err𝑛, err𝑛−1, ℎ𝑛, ℎ𝑛−1), with function 𝜅 being defined by

𝜅(err𝑛, err𝑛−1, ℎ𝑛, ℎ𝑛−1) = fac ⋅ ℎ𝑛 (
1

err𝑛 )
1/2 ℎ𝑛

ℎ𝑛−1 (
err𝑛−1
err𝑛 )

1/2
, (2.31)

where fac = 0.8 is a safety constant. Then, we propagate the approximation 𝑦𝑛 using 𝑦𝑛𝑒𝑤 =
Ψℎ𝑛𝑒𝑤(𝑦𝑛), and calculate the relative integration error err𝑛𝑒𝑤. In case err𝑛𝑒𝑤 < 1 we accept the pro-
posal by setting ℎ𝑛 = ℎ𝑛𝑒𝑤, 𝑦𝑛+1 = 𝑦𝑛𝑒𝑤, and move to the step 𝑛+1. Otherwise, we propose a smaller
value ℎ𝑛𝑒𝑤 with

ℎ𝑛𝑒𝑤 ∶= ℎ𝑛𝑒𝑤
1

√𝑒𝑟𝑟𝑛
, (2.32)

recalculate 𝑦𝑛𝑒𝑤 = Ψℎ𝑛𝑒𝑤(𝑦𝑛) and err𝑛𝑒𝑤, and check whether the condition for acceptance of step-size
( err𝑛𝑒𝑤 < 1) is satisfied. Otherwise, we keep on proposing smaller values of ℎ𝑛𝑒𝑤 using (2.32) until
err𝑛𝑒𝑤 < 1 . The condition err𝑛𝑒𝑤 < 1 will be satisfied for sufficiently small ℎ𝑛𝑒𝑤, because 𝐸𝑛𝑒𝑤 → 0
as ℎ𝑛𝑒𝑤 → 0.

Let us also clarify the choice of proposal (2.31). Rearranging the terms inℎ𝑛𝑒𝑤 = 𝜅(err𝑛, err𝑛−1, ℎ𝑛, ℎ𝑛−1)
gives us

ℎ𝑛𝑒𝑤
ℎ𝑛 (

err𝑛
1 )

1/2
= 𝑓𝑎𝑐 ⋅ ℎ𝑛

ℎ𝑛−1 (
err𝑛−1
err𝑛 )

1/2
. (2.33)
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Thus, under assumption that
ℎ𝑛

ℎ𝑛−1 (
err𝑛−1
err𝑛 )

1/2
≈ 𝐶, (2.34)

where 𝐶 > 0 is a constant, we will chose ℎ𝑛𝑒𝑤 such that err𝑛𝑒𝑤 ≈ fac. Thus, from this choice we
expect that err𝑛𝑒𝑤 ≈ 𝑓𝑎𝑐, in which case the step-size would be accepted immediately. The coefficient
fac is set to be smaller than 1 in order to reduce the number of step-size rejections, thus reducing the
computational cost. Let us remark that such a choice of the adaptive time-stepping algorithm will
select the step-sizes such that err𝑛 ≈ fac, and thus the magnitude of the relative errors along the
trajectory will be the same.

For clarification, we provide the pseudo-code in Algorithm 1. Let us remark that the adaptive
time-stepping scheme is not well defined for 𝑛 = 0, 1. In this case we can choose some very small
value ℎ𝜀 and calculate the first two approximations 𝑦1, 𝑦2 using the numerical integrator with step-size
ℎ𝜀.

Algorithm 1 Adaptive time-stepping algorithm.
1: Calculate 𝑦1 = Ψℎ𝜀(𝑦0), 𝑦2 = Ψℎ𝜀(𝑦1), where ℎ𝜀 ≪ 1.
2: Take 𝑡2 = 2 ⋅ ℎ𝜀 and set 𝑛 = 1.
3: If 𝑡𝑛 = 𝑇 , take 𝑁 = 𝑛, and return 𝑦𝑁 .
4: Propose ℎ𝑛𝑒𝑤 = 𝜅(𝑒𝑟𝑟𝑛, 𝑒𝑟𝑟𝑛−1, ℎ𝑛, ℎ𝑛−1).
5: If 𝑡𝑛 + ℎ𝑛𝑒𝑤 > 𝑇 , set ℎ𝑛𝑒𝑤 = 𝑇 − 𝑡𝑛.
6: Calculate 𝑦𝑛𝑒𝑤 = Ψℎ𝑛𝑒𝑤(𝑦𝑛).
7: Calculate local error 𝐸𝑛𝑒𝑤.
8: Calculate err𝑛𝑒𝑤 as in (3.31).
9: If err𝑛𝑒𝑤 < 1, set 𝑡𝑛+1 = 𝑡𝑛 + ℎ𝑛𝑒𝑤, . Increment 𝑛 and go to point 3.
10: Otherwise set ℎ𝑛𝑒𝑤 ∶= ℎ𝑛𝑒𝑤 ⋅ (1/err𝑛𝑒𝑤)1/2, and go to point 3.

In order to test the adaptive time-stepping algorithmwe applyROCK2method to the stiff peroxide-
oxide equation [21], given by

𝑎′ = 𝑘7(𝑎0 − 𝑎) − 𝑘3𝑎𝑏𝑦, 𝑎(0) = 6,
𝑏′ = 𝑘8𝑏0 − 𝑘1𝑏𝑥 − 𝑘3𝑎𝑏𝑦, 𝑏(0) = 58,
𝑥′ = 𝑘1𝑏𝑥 − 2𝑘2𝑋2 + 3𝑘3𝑎𝑏𝑦 − 𝑘4𝑥 + 𝑘6𝑥0, 𝑥(0) = 0,
𝑦′ = 2𝑘2𝑥2 − 𝑘5𝑦 − 𝑘3𝑎𝑏𝑦, 𝑦(0) = 0.

(2.35)

where the coefficients {𝑘𝑖}8
𝑖=1 are given by

𝑘1 = 0.35, 𝑘2 = 250, 𝑘3 = 0.035, 𝑘4 = 20,
𝑘5 = 5.35, 𝑘6 = 10−5, 𝑘7 = 0.1, 𝑘8 = 0.825.

(2.36)

We are interested in the solution at final time 𝑇 = 200. Results are shown in Figure 2.5, where we
plot errors of fixed and adaptive time-stepping schemes against the number of function evaluations.
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2.4 Adaptive Time-Stepping

We use 𝑁 = 8 ⋅ 105 to get the reference value of 𝑦(𝑇 ), which we consider to be exact. Then, this
value is used to estimate the error of both fixed and adaptive time-stepping schemes. Adaptive time-
stepping scheme is used with tolerances 𝜏𝑖 = 10−72−𝑖, 𝑖 = 1, … , 5, while the fixed time-stepping
scheme is used with step-sizes ℎ𝑖 = 𝑇 /(𝑁 ⋅2𝑖), 𝑁 = 5⋅104, 𝑖 = 1, … , 4. We can see that the adaptive
time-stepping method is performing better than the fixed time-stepping method in this test case.
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Fig. 2.5 Performance comparison of fixed time-stepping scheme and adaptive time-stepping scheme
for the peroxide-oxide equation (2.35).
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Chapter 3

Probabilistic Numerical Methods for
Ordinary Differential Equations

In the previous chapter we introduced numerical methods which approximate the solution of an ODE
with a pointwise estimate. While the approximation produced by these methods can be made arbi-
trarily precise by choosing sufficiently small step-size, these methods cannot measure the uncertainty
of their solution except with error estimators. For chaotic problems, we observe that these numerical
methods can give overconfident estimates of the error.

In recent years there has been an increased interest in numerical solvers which describe the solu-
tion of an equation in a probabilistic manner [3, 8, 19]. The methods presented in these papers use
random variables to describe the exact solution, and thus give richer description about the uncertainty
of the numerical solver than the error estimates coming from classical integrators (Runge-Kutta, mul-
tistep).

In this chapter we discuss probabilistic methods for integration of ordinary differential equations.
In Section 3.1we introduce general terms and notationwhichwill be used for presenting and analyzing
these methods.

In Section 3.2, we give a brief exposition of the method presented in [8], which at every step
of a Runge-Kutta method adds a noise in a form of a suitably chosen random variable. Then, in
Section 3.3, we present a recent approach [3] in which the randomization comes from the probabilistic
perturbation of the step-sizes in a Runge-Kutta method.

Finally, in Section 3.4, we conclude the exposition of the probabilistic numerical methods for
ODEs by providing numerical results which showcase the properties discussed in this chapter. We
first show in Section 3.4.1 the results of numerical tests which confirm the convergence orders of
methods presented in this chapter. Then, in Section 3.4.2 we study the application of probabilistic
ODE solvers to chaotic problems. Finally, in Section 3.4.3 we extend the adaptive time-stepping
algorithm introduced in Section 2.4, and show that it outperforms fixed time-stepping scheme.

Part of the research effort in this thesis was devoted to finding an efficient adaptive time-stepping
scheme for the method introduced in Section 3.3 which uses information provided by random vari-
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ables generated at every time-step. At the end of this chapter we show the approach that was tried
during the project but which unfortunately shows worse performance than the fixed time-stepping
scheme.

3.1 General setting

In this section we provide a general setting for probabilistic numerical methods which approximate
the solution of equation 𝑦(𝑡) at times {𝑡𝑛}𝑁

𝑛=1 by random variables {𝑌𝑛}𝑁
𝑛=1. The discussion given in

this section will be used in Section 3.2 and Section 3.3 to describe two different classes of probabilistic
ODE integrators.

The random variables {𝑌𝑛}𝑁
𝑛=1 which represent the approximations produced by a probabilistic

algorithm at times 𝑡 ∈ {𝑡𝑛}𝑁
𝑛=1 form a Markov Chain, which means the distribution of the variable

𝑌𝑛, 𝑛 = 1, … , 𝑁 depends only on the value sampled from 𝑌𝑛−1. The transition from the step 𝑌𝑛−1 to
𝑌𝑛 given 𝑌𝑛−1 can be represented with

𝑌𝑛 = Ψ 𝑠
ℎ(𝑌𝑛−1, 𝑊𝑛), 𝑛 = 1, … , 𝑁, (3.1)

where {𝑊𝑛}𝑁
𝑛=1 is a family of i.i.d. random variables defined over a probability space (Θ,F , 𝜈).

Usually, we have that Θ = ℝ𝑘, 𝑘 ∈ ℕ, and F is the Borel 𝜎-algebra. When the choice of 𝑊𝑛 is clear
we sometimes omit the argument 𝑊𝑛 in (3.1) and write 𝑌𝑛 = Ψ 𝑠

ℎ(𝑌𝑛−1) instead. Formally, the Markov
property of the chain {𝑌𝑛}𝑁

𝑛=1 can be stated as

𝔼 (𝑌𝑘|𝑌𝑘−1 = 𝑦𝑘−1, … , 𝑌0 = 𝑦0) = 𝔼 (𝑌𝑘|𝑌𝑘−1 = 𝑦𝑘−1) , 𝑘 = 1, … , 𝑁. (3.2)

Let us now consider the concept of strong convergence order which is used to study the path-wise
precision of probabilstic numerical integrators.

Definition 3.1. Consider the initial value problem (2.4) and a probabilistic numerical integrator
which approximates the solution 𝑦(𝑡) at times 𝑡 ∈ {𝑡𝑛}𝑁

𝑛=1, with 𝑡𝑛 = 𝑛ℎ and 𝑁ℎ = 𝑇 , by random
variables {𝑌𝑛}𝑛

𝑛=1. The numerical method has strong order 𝑝 if and only if for all sufficiently small ℎ
we have

sup
𝑛=1,…,𝑁

𝔼 |𝑌𝑛 − 𝑦(𝑡𝑛)| ≤ 𝐶ℎ𝑝, (3.3)

where 𝐶 ∈ ℝ+ is a constant independent of ℎ.

In many cases we are interested in measuring some quantity derived from the solution 𝑦(𝑡) of
the ODE. For example, we could be interested in evaluating the energy of the dynamical system
at final time. In particular, we are interested in estimating 𝑄(𝑦(𝑡)) where 𝑄 is some sufficiently
smooth function. Since the output of the probabilistic method at the final time 𝑇 is a random variable
𝑌𝑁 , the quantity of interest is approximated by the random variable 𝑄(𝑌𝑁 ). The precision of the
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3.2 Additive Noise Runge-Kutta Methods

probabilistic numerical integrator in this case can be studied through weak convergence, which is
defined as follows.

Definition 3.2. Consider the initial value problem (2.4) and a probabilistic numerical integrator
which approximates the solution at times {𝑡𝑛 = 𝑛ℎ}𝑁

𝑛=1 by random variables {𝑌𝑛}𝑛
𝑛=1. The numerical

method has weak order 𝑝 if and only if for every uniformly bounded function 𝑄 ∈ C∞(ℝ𝑑 , ℝ) with
all derivatives uniformly bounded we have

sup
𝑛=1,…,𝑁

|𝔼𝑄(𝑌𝑛) − 𝑄(𝑦(𝑡𝑛))| ≤ 𝐶ℎ𝑝, (3.4)

for all sufficiently small ℎ and where 𝐶 ∈ ℝ+ is a constant independent of ℎ.

In practice, the distribution of 𝑌𝑁 is not available and we resort to Monte-Carlo sampling to infer
the information about it. Thus, we draw 𝑀 different trajectories which give outputs {𝑌 (𝑖)

𝑁 }𝑀
𝑖=1, and

estimate the value 𝑍 = 𝑄(𝑦(𝑇 )) by

�̂� = 1
𝑀

𝑀

∑
𝑖=1

𝑄 (𝑌 (𝑖)
𝑁 ) . (3.5)

The approximation �̂� introduces error from two sources. One of them is the imprecision of proba-
bilistic numerical integrator, which is captured by the weak convergence order, while the other one
comes from sampling.

3.2 Additive Noise Runge-Kutta Methods

In this section we give a quick overview of the probabilistic numerical method introduced in [8].
This scheme extends Runge-Kutta methods by adding a noise term in form of a random variable at
every time-step. This noise can be intuitively interpreted as the uncertainty of the numerical solver
about the solution. We will refer to this family of methods as additive noise Runge-Kutta methods
(AN-RK).

Consider a Runge-Kutta method defined by its numerical flow Ψℎ. For the AN-RK method we
define the transition between 𝑌𝑛 and 𝑌𝑛+1 by

𝑌𝑛+1 = 𝑌𝑛 + Ψℎ(𝑌𝑛) + 𝜀𝑛(ℎ𝑛), (3.6)

where {𝜀𝑛}𝑁
𝑛=1 are i.i.d. stochastic processes given by

𝜀𝑛(𝑡) = ∫
𝑡

0
𝜒𝑛(𝜏)𝑑𝜏, 𝑛 = 1, … , 𝑁. (3.7)

We denote with {𝜒𝑛(𝜏)}𝑁
𝑛=1 i.i.d. random variables which are artificially introduced in order to rep-

resent the uncertainty of the solver at a specific time. Usually, we take {𝜒𝑛(𝜏)}𝑁
𝑛=1 to be normally
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distributed, i.e.
𝜒𝑛(𝜏) ∼ N (0, 𝐶ℎ), (3.8)

where 𝐶ℎ is the covariance matrix which depends on the step-size ℎ. For this choice of {𝜒𝑛(𝜏)}𝑁
𝑛=1,

we have that {𝜀𝑛(𝑡)}𝑁
𝑛=1 are zero mean normally distributed as well.

In most common cases only the value of 𝜀𝑛(ℎ𝑛) is necessary for integration of ODE, in which
case we can treat 𝜀𝑛(𝑡) as a random variable. But for the purpose of analysis of this method (see [8])
we need to keep in mind that the approximation of solution for 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1] is given with

𝑌 (𝑡) = 𝑌𝑛 + Ψ𝑡−𝑡𝑛(𝑌𝑁 ) + 𝜀𝑛(𝑡 − 𝑡𝑛). (3.9)

It is also important to consider 𝜀𝑛(𝑡) as a stochastic processwhen using adaptive time-stepping schemes,
since in case the step-size proposal is rejected, the process 𝜀𝑛(𝑡) needs to be sampled backwards in
time.

Let us now consider the convergence properties of this method. Before stating the results, let us
make some assumptions on the additive random noise {𝜒𝑛(𝑡)}𝑁

𝑛=1.

Assumption 3.1. Consider 𝜀𝑘 = ∫𝑡
0 𝜒𝑘(𝑠)𝑑𝑠 with 𝜒𝑘 ∼ N (0, 𝐶ℎ). Then, the following inequality

holds
𝔼ℎ|𝜀𝑘(𝑡)𝜀𝑘(𝑡)⊤|𝐹 ≤ 𝐾𝑡2𝑞+1, (3.10)

where | ⋅ | denotes Frobenius norm in ℝ𝑛, 𝔼ℎ is expectation with respect to the i.i.d 𝜒𝑘, 𝐾 ∈ ℝ+, and
𝑝 ∈ ℕ. Furthermore, there exists a matrix 𝑄 ∈ ℝ𝑑×𝑑 which does not depend on ℎ such that

𝔼ℎ[𝜀𝑘(ℎ)𝜀𝑘(ℎ)] = 𝑄ℎ2𝑞+1. (3.11)

Furthermore, we need to make certain assumptions on the regularity of the dynamical system
(2.3), and local convergence order of the deterministic numerical solver, as follows.

Assumption 3.2. The function 𝑓 from (2.3) and a sufficient number of its derivatives are uniformly
bounded in ℝ𝑑 . Thus, the function 𝑓 is globally Lipschitz. Furthermore, the numerical flow map Ψℎ
from (3.6) is of order 𝑝, such that its local truncation is uniform and of order 𝑝 + 1

sup
𝑦0∈ℝ𝑑

|Ψℎ(𝑦0) − 𝜑ℎ(𝑦0)| ≤ 𝐾ℎ𝑝+1. (3.12)

We can now state the theorem on the strong convergence order of the additive noise method.

Theorem 3.1. Consider the additive noise method (3.6), and let Assumptions 3.1,3.2 hold. Then, we
have

sup
𝑘=1,…,𝑁

𝔼ℎ|𝑦(𝑡𝑘) − 𝑌𝑘| ≤ 𝐾ℎmin(𝑝,𝑞), (3.13)

where 𝐾 > 0 is a constant which does not depend on ℎ.
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We can see that the strong convergence depends on the precision of deterministic solver, as well
as on the variance of the additive noise. It is natural to choose 𝑞 ≥ 𝑝, in order to preserve the accuracy
of the deterministic solver.

For the weak convergence results to hold we need to introduce additional regularity assumptions
on the solution of the initial value problem (2.2), and the stochastic numerical flow Ψ 𝑠

ℎ, as follows.

Assumption 3.3. Consider the initial value problem (2.2), and consider function 𝑄 ∈ C∞(ℝ𝑑 , ℝ).
The function 𝑓 belongs to 𝐶∞(ℝ𝑑), and all of its derivatives are uniformly bounded in ℝ𝑑 . Further-
more, the flow 𝜑ℎ and the stochastic numerical flow Ψ 𝑠

ℎ of the AN-RK method satisfy

sup
𝑦0∈ℝ𝑑

|𝑄(𝜑ℎ(𝑦0))| ≤ (1 + 𝐿ℎ) sup
𝑦0∈ℝ𝑑

|𝑄(𝑦0)|,

sup
𝑦0∈ℝ𝑑

|𝑄(Ψ 𝑠
ℎ(𝑦0))| ≤ (1 + 𝐿ℎ) sup

𝑦0∈ℝ𝑑
|𝑄(𝑦0)|.

(3.14)

Let us now state the weak convergence result for the AN-RK method.

Theorem 3.2. Consider the AN-RK method (3.6), and let Assumptions 3.1 and 3.3 hold. Then, for
any function 𝑄 ∈ 𝐶∞(ℝ𝑑 , ℝ) with all derivatives uniformly bounded we have that

|𝑄(𝑦(𝑇 )) − 𝔼(𝑄(𝑌𝑁 ))| ≤ 𝐾ℎmin{2𝑞,𝑝}, (3.15)

where 𝐾 is a constant which does not depend on ℎ.

3.3 Randomized Time-Stepping Runge-Kutta Methods

In the previous section we extended Runge-Kutta methods to probabilistic numerical ODE solvers by
employing additive noise to introduce uncertainty. In this section we consider a different scheme, in
which uncertainty on the final solution is accounted for by a probabilstic perturbation of the step-sizes.
We will refer to this scheme by RTS-RK.

In particular, we consider the stochastic numerical flow (3.1) defined as

𝑌𝑛+1 = Ψ𝐻𝑛(𝑌𝑛), 𝑛 = 0, … , 𝑁 − 1, (3.16)

where {𝐻𝑛}𝑁−1
𝑖=0 are i.i.d. random variables and Ψℎ is the numerical flow of a Runge-Kutta method.

The choice of the random step-sizes {𝐻𝑛}𝑁−1
𝑛=0 is not arbitrary. In particular, we consider the following

assumption.

Assumption 3.4. The i.i.d. random variables {𝐻𝑛}𝑁−1
𝑛=0 satisfy

• 𝐻𝑛 > 0 a.s.,

• 𝔼𝐻𝑛 = ℎ, for some ℎ ∈ ℝ+ independent of 𝑘,
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• there exists 𝑞 ∈ ℕ, 𝑞 > 1 such that Var 𝐻𝑛 = 𝐶ℎ2𝑞 .

There are numerous different choices of random variables {𝐻𝑛}𝑁−1
𝑛=0 which satisfy Assumption

3.4. One such choice is given by a random variable

𝐻𝑛 ∼ U(ℎ − ℎ𝑞 , ℎ + ℎ𝑞), 0 < ℎ < 1, 𝑞 ∈ ℕ, 𝑛 = 0, … , 𝑁 − 1, (3.17)

for which the Assumption 3.4 trivially holds. Assumption 3.4 is not sufficient to ensure strong conver-
gence of the RTS-RK scheme, aswe also need to assume smoothness of the deterministic Runge-Kutta
integrator Ψℎ.

Assumption 3.5. The numerical flow ℎ → Ψℎ(𝑦) of Runge-Kutta method belongs to 𝐶2 (ℝ+, ℝ𝑑)
and is Liptchitz with constant 𝐿Ψ

|Ψ𝑡(𝑦) − Ψ𝑠(𝑦)| ≤ 𝐿Ψ |𝑡 − 𝑠|, ∀𝑡, 𝑠 ∈ ℝ+. (3.18)

Let us now state the strong convergence order result for the RTS-RK method [3, Theorem 3.5].

Theorem 3.3. Consider the RTS-RKmethod (3.16), and let Assumptions 3.4,3.5 hold. Let us consider
times 𝑡𝑛 = 𝑛ℎ, 𝑛 = 0, … , 𝑁 , with 𝑁ℎ = 𝑇 . Then, the approximations {𝑌𝑖}𝑁

𝑖=1 satisfy

sup
𝑖=1,…,𝑁

(𝔼‖𝑌𝑖 − 𝑦(𝑡𝑖)‖) ≤ 𝐶ℎmin(𝑝,𝑞−1/2), (3.19)

where 𝑝 is the convergence order of the underlying Runge-Kutta method, and 𝑞 is as in Assumption
3.4.

Proof. The proof is direct consequence of Theorem 4.3 from [3], andCauchy-Schwarz inequality.

In order to introduce weak convergence results, we need to consider additional stability assump-
tion on the RTS-RK method.

Assumption 3.6. Consider the initial value problem (2.4) and the RTS-RK method (3.16) with the
stochastic numerical flow Ψ 𝑠

ℎ. For any function 𝑄 ∈ 𝐶∞(ℝ𝑑 , ℝ) with all derivatives uniformly
bounded there exists a constant 𝐿 such that

sup
𝑢∈ℝ𝑑

|𝑄(Ψ 𝑠
ℎ(𝑢))| ≤ (1 + 𝐿ℎ) sup

𝑢∈ℝ𝑑
|𝑄(𝑢)| . (3.20)

Let us now state the weak convergence result for RTS-RK method.

Theorem 3.4. Consider the RTS-RK method (3.16), and let Assumptions 3.4,3.5 and 3.6 hold. Fur-
thermore, assume that 𝔼|𝐻4

0 | < ∞. Let us consider times 𝑡𝑛 = 𝑛ℎ, 𝑛 = 0, … , 𝑁 , with 𝑁ℎ = 𝑇 .
Then, for any function 𝑄 ∈ 𝐶∞(ℝ𝑑 , ℝ) with all derivatives uniformly bounded there exists a constant
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𝐶 independent of ℎ such that

sup
𝑖=1,…,𝑁

|𝔼𝑄(𝑌𝑖) − 𝑄(𝑦(𝑡𝑖))| ≤ 𝐶ℎmin(2𝑝−1,𝑞). (3.21)

Proof. The proof is already given in Theorem 3.5 from [3].

From the convergence theorems for the RTS-RK method we can observe that it is enough to set
𝑞 ≥ 𝑝 + 1/2 in order to preserve the accuracy of underlying Runge-Kutta scheme. Furthermore, it is
reasonable to choose 𝑞 = 𝑝 + 1/2 since this choice of 𝑞 gives the widest uncertainty quantification
of numerical solver among all choices which preserve the precision of the underlying deterministic
numerical integrator.

Let us also remark that the RTS-RK method inherits the geometric properties of the underlying
Runge-Kutta method, which is not the case for the AN-RK method. This property proves to be
particularly important for dynamical systems whose solutions conserve quadratic first integrals, and
which naturally arise in Hamiltonian mechanics for example. In case the underlying Runge-Kutta
method conserves these quantities, the RTS-RK method will preserve them too, and thus it will give
better results than the AN-RK method. A wider discussion on this toipc can be found in [3]. For
more detailed study of geometric numerical integrators, we refer to [14].

3.4 Numerical Experiments

In this section we provide numerical results for the methods presented in Sections 3.2, 3.3. We start by
corroborating theoretical convergence results with numerical experiments in Section 3.4.1. Then, in
Section 3.4.2, we study the approximation of the chaotic Lorenz system given by the RTS-RKmethod.
In particular, we show that the RTS-RK method clearly indicates chaotic nature of the problem, and
gives a bound on the uncertainty of numerical approximation.

Next, in Section 3.4.3, we show how the idea for adaptive time-stepping method from Section
2.4 can be extended to the RTS-RK method. Using numerical tests we show that this scheme shows
advantageous performance in comparison to the fixed-timestepping scheme. One of the objectives
in the master thesis project was to investigate whether an efficient adaptive time-stepping scheme for
the RTS-RK method which uses only the variance of the time-steps 𝑌𝑛 can be designed. At the end
of Section 3.4.3 we discuss methodology tried during the project, which does not show improvement
over the fixed time-stepping scheme.

3.4.1 Convergence

In Theorems 3.1 and 3.3 we stated strong order of convergence results for AN-RK and RTS-RK
methods, respectively. In this section we numerically show that these results hold, by applying these
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methods to the FitzHugh-Nagumo equation [24]

𝑑𝑉
𝑑𝑡 = 𝑐 (𝑉 − 𝑉 3

3 + 𝑅) ,

𝑑𝑅
𝑑𝑡 = −1

𝑐 (𝑉 − 𝑎 + 𝑏𝑅) ,
(3.22)

where coefficients 𝑎, 𝑏, 𝑐 and the initial condition are given by

𝑎 = 0.2, 𝑏 = 0.2, 𝑐 = 3, 𝑉 (0) = −1, 𝑅(0) = 1. (3.23)

We look for a solution at the final time 𝑇 = 20.
As an underlying Runge-Kutta method for both AN-RK and RTS-RK scheme we choose Heun’s

method (2.13). For the AN-RK method we select additive noise with 𝜀(𝜏) = N (0, 𝜏2𝑝𝐼2), where
𝐼2 is two-dimensional identity matrix. For the RTS-RK method, we use 𝐻𝑘 defined as in (3.17),
with 𝑞 = 𝑝 + 1/2 = 2.5. We perform 20 numerical simulations for both methods using different

10−2 10−1
step-size h

10−7
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10−5

10−4

10−3
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ro
r

RTS-RK
AN-RK
Heun

Fig. 3.1 Log-log plot of step-size ℎ against the error for AN-RK, RTS-RK, and Heun’s methods
applied to FitzHugh-Nagumo equation (3.22).

step-sizes ℎ𝑖, with the 𝑖-th simulation having ℎ𝑖 = 𝑇 /50 ⋅ 0.8𝑖, 𝑖 = 0, … , 20. For both methods we
use 350 Monte-Carlo draws to obtain the estimate of the final solution. Furthermore, in order to
compare the performance of probabilistic methods with the underlying Runge-Kutta integrator, we
perform numerical simulations of the Heun’s method with the same step-sizes {ℎ𝑖}20

𝑖=0. The error
of a simulation is calculated as an Euclidean distance between the simulation output and a reference
solution which is calculated using Heun’s method with a very small step-size.
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It is also interesting to visualize the uncertainty of the solver about the solution. Thus, we plot
the approximations of 𝑉 from FitzHugh-Nagumo equation for 10 different trajectories of the RTS-
RK method in Figure 3.2. The RTS-RK method is used with the values of 𝐻𝑘 as in (3.17), for
ℎ = 𝑇 /𝑁, 𝑁 = 100.

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
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Fig. 3.2 Approximations of 𝑉 from FitzHugh-Nagumo equation (3.22) for 10 different paths produced
by the RTS-RK method with Heun’s method as an underlying Runge-Kutta integrator.

3.4.2 Chaotic problems

Studying uncertainty of numerical solutions is especially interesting in the context of chaotic prob-
lems. In this subsection we consider application of the RTS-RK method from Section 3.3 to the
Lorenz system

�̇� = 𝜎(𝑦 − 𝑥), 𝑥(0) = −10,
̇𝑦 = 𝑥(𝜌 − 𝑧) − 𝑦, 𝑦(0) = −1,
̇𝑧 = 𝑥𝑦 − 𝛽𝑧, 𝑧(0) = 40,

(3.24)

which shows chaotic behavior for parameters 𝜎 = 10, 𝜌 = 28, 𝛽 = 8.0/3. We search for a solution at
final time 𝑇 = 40. In Figure 3.3 we plot 𝑥-values of 10 random path realizations calculated using the
RTS-RK scheme with Heun’s method (2.13) as the underlying numerical integrator. For the average
step-size ℎ we take ℎ = 𝑇 /𝑁, 𝑁 = 2000. From this figure we can observe that the paths are ”very
close” to each other for 𝑡 < 5, but then diverge from each other shortly after. Thus, we can intuitively
assume that the solver is not very ”confident” about the solution for values 𝑡 > 5. Furthermore, we
can observe that the uncertainty in 𝑥(𝑡) of the solver remains bounded for all values after 𝑡 > 5, and
thus we can intuitively conclude from the figure that 𝑥(𝑡) is between [−20, 20] for 𝑡 ∈ [0, 40].
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Fig. 3.3 Realizations of 𝑥-values for 10 different paths of Lorenz system.

3.4.3 Time-Step Adaptivity for RTS-RK Method

In this section we discuss how the RTS-RK method can be combined with an adaptive time-stepping
scheme in order to achieve performance gains over the simplest fixed time-stepping scheme. We
first develop an adaptive time-stepping scheme which estimates local errors using the embedding
approach. We refer to this scheme as E-ADAPT, and perform a numerical test which shows that this
strategy is advantageous over the fixed time-stepping scheme. The E-ADAPT strategy is only a slight
extension of the strategy from Section 2.4, which will be referred to as A-ADAPT in this section.

It is also interesting to study whether the statistical properties of random variables {𝑌𝑛}𝑀
𝑛=1 which

describe the solution at time 𝑡𝑛 carry some information about the numerical errors. In case this is true,
it should be possible to construct an adaptive algorithm which exploits this information to scale the
step-size ℎ of the next time-step accordingly and outperform the fixed time-stepping scheme. Part
of the master project was dedicated to this problem, and even though satisfactory results were not
obtained, we conclude this subsection by discussing the approach taken.

In the whole section we consider the RTS-RK schemewith Heun’s method (2.13) as an underlying
Runge-Kutta method. The probabilistic step-sizes {𝐻𝑛}𝑁−1

𝑛=0 are given by (3.17), with 𝑞 = 𝑝 + 1/2 =
2.5. We use RTS-RK method to propagate 𝑀 paths {𝑌 (𝑖)

𝑁 }𝑀
𝑖=1 together in time. Thus, at the 𝑛-th step,

we have calculated values {𝑌 (𝑖)
𝑛 }𝑀

𝑖=1. Occasionally, we use also the explicit Euler method alongside the
Heun’s method in order to form an embedded Runge-Kutta method underlying the RTS-RK scheme,
and get an embedded error estimate for each stochastic numerical flow evaluation.

Let us first consider an extension of the A-ADAPT time-stepping scheme from Section 2.4,
which we refer to as E-ADAPT. The adaptive time-stepping algorithm iteratively constructs step-
sizes {ℎ0, ℎ1, …} along with path realizations {{𝑌 (𝑖)

1 }𝑀
𝑖=1, {𝑌 (𝑖)

2 }𝑀
𝑖=1, …} in an iterative fashion. The
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values {{𝑌 (𝑖)
𝑛 }𝑀

𝑖=1 for 𝑛 ≥ 1 are calculated with

𝑌 (𝑖)
𝑛 = Ψ𝐻 (𝑖)

𝑛
(𝑌 (𝑖)

𝑛−1), 𝑖 = 1, … , 𝑀, (3.25)

where 𝐻 (𝑖)
𝑛 are values sampled from probabilistic step-size 𝐻𝑛 which satisfies 𝔼(𝐻𝑛) = ℎ𝑛 as per

Assumption 3.4.
We consider using an embedded method as an underlying Runge-Kutta method of the RTS-RK

scheme, which allows us to define an embedded error of paths as

𝐸(𝑖)
𝑛 = |Ψ𝐻 (𝑖)

𝑛
(𝑌 (𝑖)

𝑛−1) − Ψ∗
𝐻 (𝑖)

𝑛
(𝑌 (𝑖)

𝑛−1)|, 𝑖 = 1, … , 𝑀, (3.26)

where Ψ𝐻 (𝑖)
𝑛

,Ψ∗
𝐻 (𝑖)

𝑛
are the two Runge-Kutta methods which form the embedded method. At every

step, the new step-size ℎ𝑛𝑒𝑤 is proposed using the same function 𝜅 as given in (2.31), where values
𝑒𝑟𝑟𝑛 are extended with

err𝑛 =
𝑀
max
𝑖=1

𝐸(𝑖)
𝑛

𝜎 (𝜏, ℎ𝑖−1, 𝑌 (𝑖)
𝑛−1, 𝑌 (𝑖)

𝑛 )
. (3.27)

The other parts of the adaptive time-stepping algorithm are the same as in the algorithm presented in
Section 2.4.

Let us now test the performance of the E-ADAPT scheme. We apply the scheme to the FitzHugh-
Nagumo equation (3.22), with tolerances 𝜏 ∈ 0.001 ⋅ 2−𝑖, 𝑖 = 1, … , 10. In Figure 3.4 we plot the
errors of the E-ADAPT scheme with 𝑀 = 100 path realizations against the number of evaluations of
function 𝑓 . In this figure we also plot the errors of the fixed time-stepping scheme and the A-ADAPT
scheme. For the fixed time-stepping scheme we choose step-sizes ℎ𝑖 = 𝑇 /(𝑁 ⋅ 2𝑖), 𝑖 = 1, … , 6, 𝑁 =
25. The results for the A-ADAPT scheme are obtained using the same set of tolerances as for the
E-ADAPT scheme. In order to make the comparison close, we scale down the number of functional
evaluations of E-ADAPT scheme by𝑀 . This will in particular show the cost of the E-ADAPT scheme
as if only one path is evaluated, while in practice we used 𝑀 = 100 paths.

Let us now study the statistical properties of the variables 𝑌𝑛, and discuss unsuccessful adaptive
time-stepping strategy which relies solely on the statistical properties of 𝑌𝑛. We will refer to the
scheme that will be presented in the next paragraphs as to VAR-ADAPT.

In the proof of Theorem 5.1. from [3] it is stated that the variance of the estimator �̂� is bounded
by

Var(�̂�) ≤ 1
𝑀 𝐶ℎ2min(𝑝,𝑞−1/2), (3.28)

where 𝐶 is a constant independent of ℎ. Since we consider 𝑝 = 𝑞 + 1/2 = 2, we have that Var(�̂�) ≤
𝐶ℎ2. Thus, we have that tr (Var 𝑌𝑛) ≤ 𝐶ℎ2. The approximation error of Heun’s method is also
bounded by 𝐶ℎ2, and therefore it is interesting to see whether tr (Var 𝑌𝑛) contains some information
about the error of a numerical method.
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Fig. 3.4 Performance comparison of E-ADAPT, A-ADAPT, and fixed time-stepping schemes. The
schemes are applied to the FitzHugh-Nagumo problem (3.22).

In order to check this we apply the RTS-RK method to the Lorenz system (3.24) with 𝑀 = 100
paths. The estimations of √tr (Var 𝑌𝑛), 𝑛 = 1 … , 𝑁, produced by the RTS-RK method with a fixed
step-size ℎ = 𝑇 /𝑁, 𝑁 = 2000, are showed in Figure 3.5. We also plot in this figure the embedded
error estimates calculated by the underlying deterministic embedded method with the same step-size
ℎ. Furthermore, we also plot the true error, which is calculated as a difference between the expectation
of the random path realizations and a reference solution calculated using numerical method with a
very fine fixed step-size.
From Figure 3.5 we observe that √tr (Var 𝑌𝑛) indeed has the same order of magnitude as the true
error, and therefore it could be a good indicator for the global error of the numerical method.

Let us now consider how we can use this information to construct the VAR-ADAPT adaptive
time-stepping scheme. We use the same approach as for the E-ADAPT scheme, and only modify the
calculation of errors 𝐸𝑛, err𝑛, as well as the new step-size proposition function 𝜅.

Since we consider√tr (Var 𝑌𝑛) to be the global error of a numerical solver, it is intuitive to define
the local error of an integration step at time 𝑡𝑛−1 as

̄𝐸𝑛 = √tr (Var 𝑌𝑛) − √tr (Var 𝑌𝑛−1). (3.29)
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Fig. 3.5 Semi-log plot of error, √tr (Var 𝑌𝑛), and embedded error of Heun’s method with fixed time-
stepping scheme applied to the Lorenz system.

Since the value of the local error ̄𝐸𝑛 defined in this way can also be negative, for the time-stepping
algorithm we consider a slightly different version

̂𝐸𝑛 = max(|√tr (Var 𝑌𝑛) − √tr (Var 𝑌𝑛−1)| , 𝜖𝑚𝑖𝑛) , (3.30)

where 𝜖𝑚𝑖𝑛 is some safety constant which bounds the local error from below. In all numerical experi-
ments this constant is taken to be 𝜖𝑚𝑖𝑛 = 10−10. In practice, the values tr (Var 𝑌𝑛) are estimated from
the path realizations {𝑌 (𝑖)

𝑛 }𝑀
𝑖=1.

It is interesting to observe how the values of ̂𝐸𝑛 compare to the true error and embedding errors.
Thus, we apply the RTS-RK method to the FitzHugh-Nagumo equation (3.22), with a fixed time-step
ℎ = 𝑇 /𝑁, 𝑁 = 2000, and plot the estimations of ̂𝐸𝑛 in Figure 3.6. We also plot in this figure the
embedded error estimates calculated by underlying deterministic embedded method with the same
step-size ℎ. Furthermore, we also plot the true error, which is calculated as a difference between
the expectation of the random path realizations and a reference solution calculated using numerical
method with very fine fixed step-size.

Now that we have defined the local integration error ̂𝐸𝑛, let us define the relative error err𝑛 with

err𝑛 =
̂𝐸𝑛

(max𝑀
𝑖=1𝜎(𝜏, ℎ𝑛, 𝑌 (𝑖)

𝑛−1, 𝑌 (𝑖)
𝑛 ))

. (3.31)
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Fig. 3.6 Semi-log plot of error, ̂𝐸𝑛, and embedded of the RTS-RK method error applied to the
FitzHugh-Nagumo equation (3.22).

Finally, the proposal function 𝜅 is given with

𝜅(ℎ𝑛, ℎ𝑛−1, 𝑒𝑟𝑟𝑛, 𝑒𝑟𝑟𝑛−1) = 𝑓𝑎𝑐 ⋅ ℎ𝑛(
1

err𝑛 )
1/4 ℎ𝑛

ℎ𝑛−1 (
err𝑛−1
err𝑛 )

1/4
. (3.32)

Note that in (3.32) we use the fourth root of 𝑒𝑟𝑟𝑛 instead of the square root as in (2.31). This is because
the err𝑛 is of order 1 in (2.31) (since embedded error is of order 1), while the order of err𝑛 in (3.32)
is 2, and therefore appropriate scaling is needed.

Let us now test the performance of the VAR-ADAPT scheme. We apply the scheme to the
FitzHugh-Nagumo equation (3.22), with tolerances 𝜏𝑖 = 0.012−𝑖, 𝑖 = 1, … , 20. In Figure 3.7 we plot
the errors of the VAR-ADAPT scheme with 𝑀 = 1000 path realizations against the number of func-
tion evaluations. In this figurewe also plot the errors of fixed time-stepping scheme and theA-ADAPT
scheme. For the the fixed time-stepping scheme we choose step-sizes ℎ𝑖 = 𝑇 /(𝑁 ⋅1.2𝑖), 𝑖 = 1, … , 20.
The results for the A-ADAPT scheme are obtained using the same set of tolerances as for the E-
ADAPT scheme. In order to make the comparison, we scale down the number of functional evalua-
tions of the VAR-ADAPT scheme by 𝑀 . This will in particular show the cost of the VAR-ADAPT
scheme as if only one path is evaluated, while in practice we used 𝑀 = 1000 paths.

From Figure 3.7 we can see that the VAR-ADAPT scheme has same the convergence order as the
underlying Runge-Kutta method, but it is outperformed even by fixed time-stepping scheme.

It could be interesting to check the selection of step-sizes for VAR-ADAPT, A-ADAPT, and fixed
time-stepping schemes used for obtaining the results in Figure 3.7. Therefore, in Figure 3.8 we plot
the step-sizes ℎ𝑛 at the times 𝑡𝑛 for each of the methods. The fixed time-stepping method is used with
ℎ = 𝑇 /𝑁, 𝑁 = 2000, the A-ADAPT scheme is used with tolerance 𝜏 = 10−2, and the VAR-ADAPT
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Fig. 3.7 Performance plot of fixed time-stepping, A-ADAPT and VAR-ADAPT schemes for
FitzHugh-Nagumo model.

scheme is used with 𝑀 = 1000 paths and tolerance 𝜏 = 10−3. From Figure 3.8 we can observe that
the VAR-ADAPT scheme chooses similar step-sizes as the A-ADAPT scheme, but at certain areas it
chooses too small step-sizes which spoils its performance.
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Fig. 3.8 Plot of the step-sizes against the times at which the are realized for VAR-ADAPT, A-ADAPT,
and fixed time-stepping scheme.
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Chapter 4

Bayesian Inverse Problems in Context of
ODEs

One of the central questions of numerical mathematics is the development of efficient methods which
approximate solutions of certain models. In abstract terms, in this thesis we represent a model with
a mapping G(𝑢) → 𝑦, where 𝑢 represents parameters, and 𝑦 the solution. Usually, the operator G
is very complex, and numerical mathematics aims to find an approximation Gℎ of G which can be
efficiently computed and for which the value Gℎ(𝑢) is very close to solution G(𝑢). The symbol ℎ
of the operator Gℎ represents some discretization parameter of the numerical scheme, such as for
example the step-size of Runge-Kutta methods.

In this chapter we consider 𝑦 to be given, for example by observing the results of an experiment,
and aim to find the values of 𝑢 which through G approximate the results as good as possible . Finding
”suitable” values of 𝑢 which the operator G maps near the observed 𝑦 is known as the inverse problem.
The definition of ”suitable” values 𝑢 is not clear, especially since the operator G is in general not
invertible.

In this thesis we opt for the probabilistic approach which relies on Bayes’ theorem and states the
solution of an inverse problem in a clear and logical manner. Furthermore, the probabilistic approach
can mitigate ill-posedness which is often found in inverse problems. In this chapter we give a rough
overview of the methodology used in Bayesian inverse problems. For more detailed study we refer
to [12, 18, 26].

We start this chapter by introducing inverse problems in Section 4.1. In this section we show
how Bayes’ theorem can be used to describe the solution of an inverse problem as a random variable,
which we denote with 𝜋Y .

In Section 4.2, we consider the inverse problems for which the operator G is given by a solution
of an ODE, while the 𝑢 is a parameter of the equation. Since the solution of an ODE in general cannot
be given as a closed-form expression, the operator G is in practice replaced with an operator Gℎ which
approximates G using numerical solvers for ODEs, such as the ones discussed in Chapter 2. Since
we use Gℎ instead of G, the solution of the inverse problem is a random variable 𝜋Y

ℎ different from
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𝜋Y . Thus, it is interesting to see if the true solution 𝜋Y is close to 𝜋Y
ℎ in case the operator G is well

approximated by Gℎ, which is addressed at the end of Section 4.2.
The solution 𝜋Y of Bayesian inverse problems introduced in Section 4.1 has very complex prob-

ability density function and is often high dimensional in practice, which makes sampling from it
non-trivial. Therefore, in Section 4.3 we introduce Markov Chain Monte Carlo methods, which are
used for sampling solutions of Bayesian inverse problems.

Next, as an alternative toMCMCmethods, we consider sequentialMonte Carlo (SMC)methods in
Section 4.4. While these methods tend to be expensive in comparison toMCMCmethods, we include
them in this master thesis for the completeness of the exposition, and also because they present an
active area of research.

In Section 4.5 we consider replacing the G by a probabilistic operator G𝑠
ℎ which for every input 𝑢

outputs random variable G𝑠
ℎ(𝑢). This probabilistic operator naturally arises for example in Bayesian

inverse problems for ODEswhen the equation is solvedwith probabilistic Runge-Kuttamethods as the
ones introduced in Chapter 3. The operator G𝑠

ℎ is then used by two different sampling schemes: Monte
Carlo within Metropolis (MCWM) and pseudo-marginal Metropolis-Hastings (PMMH) algorithm.
In Section 4.5.1 we give a bound on a difference between the solution of an inverse problem and
approximation sampled by MCWM method. A similar result for PMMH algorithm is omitted since
it was already given in [22]. As we will see from the numerical examples, probabilistic methods tend
to account for the uncertainty better that the deterministic methods, and thus they usually give more
precise posterior distributions.

Finally, in Section 4.6 we give results of various numerical experiments in order to illustrate the
concepts discussed in this chapter. First, we test MCMC and SMC methods on a very simple ODE
in order to verify the correctness of both methods. Next, to showcase the power of probabilistic
approach, we apply the same methods on the FitzHugh-Nagumo problem, for which satisfactory
results are obtained. Furthermore, it is interesting to see how probabilistic ODE solvers impact the
solution of inverse problems. Thus, at the end of Section 4.6 we show that usage of probabilistic
solvers in inverse problems indeed helps in capturing uncertainties of the numerical solver, which
makes them more suitable than the deterministic Runge-Kutta solvers. Unfortunately, ”correcting”
behavior of probabilistic solvers is not guaranteed, which is highlighted in the last experiment of this
section.

4.1 Introduction

Consider the equation
𝑦 = G(𝑢), (4.1)

where 𝑢 and 𝑦 are vectors in Hilbert spaces 𝑋 and 𝑌 respectively. We refer to G ∶ 𝑋 → 𝑌 as the
forward operator1. The output 𝑦 is occasionally termed as data or observations. We denote by ‖.‖𝑋

1The operator G is sometimes reffered to as an observational operator as well, see e.g. [26].
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and ‖.‖𝑌 the norms defined over the spaces 𝑋 and 𝑌 , respectively. The task of finding 𝑦 given the
input 𝑢 is called the forward problem. In this chapter we are mostly interested in finding the value of
𝑢, given the observed values 𝑦, which is known as the inverse problem. Since we consider the value
𝑦 to be fixed, and in order to avoid the confusion with the solution of an ODE 𝑦(𝑡), we will now use
the formulation of inverse problem

Y = G(𝑢), (4.2)

instead.
In the general case, the inverse problem given as in (4.2) does not need to be well-posed. For

example, the observations Y may not be in the image of the forward operator G, in which case there
is no solution to the inverse problem. Furthermore, it is also possible that the solutions of inverse
problem are very sensitive to small changes in observations Y . For all these reasons inverse problems
require careful treatment.

One straightforward approach for solving (4.2) is to consider finding a solution to

argmin
𝑢∈𝑋

‖𝑦 − G(𝑢)‖𝑌 , (4.3)

which is a problem that can be solved using various global optimization techniques. Unfortunately,
the formulation of the inverse problem as given in (4.3) can still be ill-posed. A common way to solve
this issue is to introduce regularization to (4.3) with

argmin
𝑢∈𝐸

(‖𝑦 − G(𝑢)‖𝑌 + ‖𝑢 − 𝑚0‖𝐸) , (4.4)

where 𝐸 ⊂ 𝑋, 𝑚0 ∈ 𝐸, are carefully chosen in order to alleviate ill-posedness. While this approach
can give good results with well chosen 𝐸 and 𝑚0, the choice of proper 𝐸 and 𝑚0 can be difficult and
ambiguous. Furthermore, in many cases we are interested not only in extracting the input 𝑢, but we
also want to infer some information about the quality of the inverse problem’s solution. For example,
we might be interested in the sensitivity of the solution to the changes in observations Y , or we might
want to know whether some other choices of the input 𝑢 are possible as well.

Due to these reasons, in this thesis we adopt a probabilistic approach, which provides a much
richer description of the solution. In order to do so, we first consider observations to be given with
some noise 𝜂, so that the problem (4.2) becomes

Y = G(𝑢) + 𝜂. (4.5)

We take 𝜂 to be a zero mean random variable which can be intuitively understood as a term that
captures measurement and modeling errors. The random variable 𝜂 is commonly taken to be Gaus-
sian, with covariance C. From now on we will restrict ourselves to the case when 𝑋 and 𝑌 are
finite-dimensional Euclidean spaces, 𝑋 = ℝ𝑑1 , 𝑌 = ℝ𝑑2 . Usual choice for covariance in this case is
C = 𝜎2𝐼 , and thus 𝜂 ∼ N (0, 𝜎2𝐼). Let us denote with 𝜌 the probability density function of 𝜂.
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We model the belief about the input by considering it to be a random variable with a probability
density function 𝜋0 ∶ 𝑋 → ℝ+. Let us denote with 𝜋 the probability density function of G(𝑢) + 𝜂.
Given 𝑢, the likelihood of observing Y is given by

𝜋 (Y|𝑢) = 𝜌(Y − G(𝑢)). (4.6)

Informal application of Bayes’ rule gives

𝜋0(𝑢|Y) = 𝜌 (Y − G(𝑢)) 𝜋0(𝑢)
∫
𝑋

𝜌 (Y − G(𝑣)) 𝜋0(𝑣)𝑑𝑣
. (4.7)

Thus, we use observations Y to correct our belief about the input 𝜋0 and obtain a posterior 𝜋Y (⋅) =
𝜋0(⋅|Y) using (4.7). In particular, up to a normalization constant, the p.d.f. of the posterior 𝜋Y is
given by

𝜋Y (𝑢) ∝ 𝜌 (Y − G(𝑢)) 𝜋0(𝑢). (4.8)

Let us denote with 𝜇0, 𝜇Y the probability measures with densities 𝜋0, 𝜋Y . From (4.8) we can link 𝜇0
and 𝜇Y by Radon-Nikodym derivative as

𝑑𝜇Y

𝑑𝜇0
∝ 𝜌(Y − G(𝑢)). (4.9)

Introduction of the potential Φ(𝑢, 𝑦) = − log (𝜌(𝑦 − G(𝑢))) allows us to rewrite (4.9) as

𝑑𝜇Y

𝑑𝜇0
∝ exp(−Φ(𝑢,Y)). (4.10)

The importance of (4.10) stems from the fact that it gives a solution of an inverse problem in terms
of probability measures, and thus it generalizes to the case when 𝑋 and 𝑌 are infinite-dimensional.

In order to ensure well-posedness of inverse problems2, it is common to make the following
assumptions on the potential Φ.

Assumption 4.1. For the function Φ ∶ 𝑋 × 𝑌 → ℝ following holds.

1. For every 𝜀 > 0 and 𝑟 > 0 there is 𝑀 ∈ ℝ such that for all 𝑢 ∈ 𝑋 and all 𝑦 ∈ 𝑌 , ‖𝑦‖𝑌 < 𝑟 we
have

Φ(𝑢, 𝑦) ≥ 𝑀 − 𝜀‖𝑢‖2
𝑋 . (4.11)

2. For every 𝑟 > 0 there is a constant 𝐾 > 0 such that for all 𝑢 ∈ 𝑋, ‖𝑢‖𝑋 < 𝑟 and all 𝑦 ∈
𝑌 , ‖𝑦‖𝑌 < 𝑟 we have

Φ(𝑢, 𝑦) ≤ 𝐾. (4.12)
2See for example Assumption 2.6 and Theorems 4.2, 4.6 from [26].
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3. For every 𝑟 > 0 there is a constant 𝐿 > 0 such that for all 𝑢1, 𝑢2 ∈ 𝑋, ‖𝑢1‖𝑋 < 𝑟, ‖𝑢2‖𝑋 < 𝑟,
and every 𝑦 ∈ 𝑌 , ‖𝑦‖𝑌 < 𝑟 we have

|Φ(𝑢1, 𝑦) − Φ(𝑢2, 𝑦)| ≤ 𝐿‖𝑢1 − 𝑢2‖𝑋 . (4.13)

4. For every 𝜀 > 0 and 𝑟 > 0 there is a constant 𝐶 ∈ ℝ such that for every 𝑢 ∈ 𝑋 and every
𝑦1, 𝑦2 ∈ 𝑌 , ‖𝑦1‖𝑌 < 𝑟, ‖𝑦2‖𝑌 < 𝑟 we have

|Φ(𝑢, 𝑦1) − Φ(𝑢, 𝑦2)| ≤ 𝐶𝑒𝜀‖𝑢‖2
𝑋+𝐶‖𝑦1 − 𝑦2‖𝑌 . (4.14)

These assumptions on operator Φ are not very strong, and they hold for wide variety of inverse
problems. In particular, they give an upper and a lower bound on operator Φ, as well as Lipchitz-like
properties on the first and second argument of Φ.

4.2 Inverse Problems for ODEs

In order to define inverse problems for ordinary differential equations, we enrich the definition (2.4)
from Section 2.1 by considering a parameterized initial value problem given by

̇𝑦(𝑡) = 𝑓𝑢(𝑦), 𝑦(0) = 𝑦0, (4.15)

where 𝑢 ∈ 𝑋 is a parameter of the function 𝑓 . Let us also define the observation times to be 0 <
𝜏1 < 𝜏2 < … < 𝜏𝐾 = 𝑇 , 𝐾 ∈ ℕ. We assume that the parametrized initial value problem (4.15) has a
unique solution 𝑦𝑢 for every 𝑢 ∈ 𝑋, and define the forward operator G(𝑢) by

G(𝑢) = (𝑦𝑢(𝜏1), … , 𝑦𝑢(𝜏𝐾 )). (4.16)

Since the solution of the initial value problem (4.15) in general does not have a closed-form ex-
pression, we use a numerical method with a time-step ℎ to approximate the solution 𝑦𝑢(𝑡) at times
𝑡 ∈ {𝜏𝑖}𝐾

𝑖=1. Let us denote the approximations of solution at times {𝜏𝑖}𝐾
𝑖=1 given by the numerical

method by {𝑦𝑖
𝑢}𝐾

𝑖=1. Thus, instead of forward operator G we use in practice an operator Gℎ defined by

Gℎ(𝑢) = (𝑦1
𝑢, 𝑦2

𝑢, … , 𝑦𝐾
𝑢 ). (4.17)

Since we are replacing the operator G with an approximation Gℎ, the inverse problem (4.5) becomes

Y = Gℎ(𝑢) + 𝜂, (4.18)

and has a different solution 𝜋Y
ℎ . Anyway, in case G is well approximated by Gℎ, in the sense that

|G(𝑢) − Gℎ(𝑢)| ≤ 𝐶ℎ𝑝, ∀𝑢 ∈ 𝑋, (4.19)
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for some 𝑝 ∈ ℕ and 𝐶 > 0 independent of ℎ, the solution 𝜋Y
ℎ is a good approximation of 𝜋Y , which

is stated in Theorem 4.6 from [26]. In particular, in case 𝜂 from (4.5) is Gaussian, we have that

𝑑𝐻𝑒𝑙𝑙(𝜇, 𝜇ℎ) < 𝐶ℎ2𝑝, (4.20)

where 𝐶 > 0 is a constant independent of ℎ and 𝑑𝐻𝑒𝑙𝑙 is a Hellinger distance defined between two
probability measures as

𝑑2
𝐻𝑒𝑙𝑙(𝜇1, 𝜇2) = 1

2 ∫
⎛
⎜
⎜
⎝
√

𝑑𝜇1
𝑑𝜇 − √

𝑑𝜇2
𝑑𝜇

⎞
⎟
⎟
⎠

2

𝑑𝜇, (4.21)

where 𝜇 is a probability measure chosen such that both 𝜇1 and 𝜇2 are absolutely continuous with
respect to 𝜇. Thus, as ℎ → 0, the approximation given by 𝜋Y

ℎ converges towards 𝜋Y .

4.3 Markov Chain Monte Carlo Methods

In this section we show how the posterior posterior random variable 𝜋Y defined in (4.7) can be sam-
pled efficiently. Since the expression for probability density function (4.7) is complex and often high-
dimensional, it is common to use Markov Chain Monte Carlo (MCMC) methods to sample from it.
Furthermore, MCMC methods are a good choice since they are able to sample from a random vari-
ables for which the p.d.f. is known up to normalizing constant. This is useful since the normalization
constant of the posterior (4.7) is given as an integral

∫
𝑋

𝜌 (Y − G(𝑣)) 𝜋0(𝑣)𝑑𝑣, (4.22)

which generally does not have a closed-form expression, and numerical approximation of it is very
expensive.

Let us now introduce MCMC methods. Consider a probability measure 𝜇 defined over some
vector space 𝑋. We use a Markov Chain Monte Carlo method to construct an 𝑀-length array of
samples {𝑥0, 𝑥1, … , 𝑥𝑀 } such that for any 𝜇-measurable function ℓ we have

∫𝑋
ℓ(𝑥)𝜇(𝑑𝑥) ≈ 1

𝑀

𝑀

∑
𝑖=0

ℓ(𝑥𝑖). (4.23)

The approximation can bemade arbitrarily close by choosing sufficiently large𝑀 . The values {𝑥𝑖}𝑀
𝑖=0

are sampled from the first 𝑀 random variables of Markov chain {𝑋𝑖}∞
𝑖=0. In particular, the chain

{𝑋𝑖}∞
𝑖=0 consists of random variables such that for every 𝑖 > 0, the distribution of 𝑋𝑖 depends only

on the sample from 𝑋𝑖−1. Thus, for defining MCMC methods it is enough to prescribe a transition
probability kernel, i.e. the distribution of 𝑋𝑖 given the sample from 𝑋𝑖−1. In case the transition kernel
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is known, MCMC method is usually provided with the initial value 𝑥0, while the other values 𝑥𝑖 are
sampled iteratively.

Let us consider the case when probability measure 𝜇 is defined over space 𝑋 = ℝ𝑘, 𝑘 ∈ ℕ.
Consider Borel 𝜎-algebra B(ℝ𝑘), and let us define the probability transition kernel as a mapping
𝑃 ∶ ℝ𝑘 × B → [0, 1] for which the following holds.

• For each Borel set 𝐵 ∈ B, the mapping 𝑃 (⋅, 𝐵) is a measurable function.

• For each 𝑥 ∈ ℝ𝑘, the mapping 𝑃 (𝑥, ⋅) is a probability distribution.

The MCMC method is usually given the first element of the chain 𝑋0, and then we use the transition
kernel to build define the rest of the Markov chain {𝑋𝑗}∞

𝑗=1. In particular, if we denote with {𝜇𝑋𝑗 }∞
𝑗=0

the probability measures of {𝑋𝑗}∞
𝑗=0, the random variables {𝑋𝑗}∞

𝑗=1 are iteratively defined with

𝜇𝑋𝑗+1(𝐵) = 𝜇𝑋𝑗 𝑃 (𝐵) = ∫𝑋
𝑃 (𝑡, 𝐵)𝜇𝑋𝑗 (𝑑𝑡), 𝑗 > 0, ∀𝐵 ∈ B. (4.24)

Let us now introduce some important properties of the transition kernel 𝑃 . The transition kernel 𝑃
preserves a probability measure 𝜇 if and only if

𝜇𝑃 = 𝜇. (4.25)

The expression (4.25) should be understood as

∫𝑋
𝑃 (𝑥, 𝐵)𝜇(𝑑𝑥) = 𝜇(𝐵), ∀𝑥 ∈ 𝑋, ∀𝐵 ∈ B. (4.26)

In case (4.25) is satisfied, we also say that 𝜇 is an invariant measure of 𝑃 .
The powers of transition kernels can be defined by the following recurrence formula

𝑃 𝑘+1(𝑥, 𝐵) = ∫𝑋
𝑃 (𝑡, 𝐵)𝑃 𝑘(𝑥, 𝑑𝑡), ∀𝑥 ∈ 𝑋, 𝐵 ∈ B, 𝑘 > 1. (4.27)

In particular, we have that 𝜇𝑋𝑗 (𝐵) = 𝜇𝑋0𝑃 (𝑗)(𝐵), for every 𝑗 > 0 and every 𝐵 ∈ B.
The transition kernel 𝑃 is irreducible (with respect to some measure 𝜇) if for every 𝑥 ∈ 𝑋 and

every 𝐵 ∈ B there exists 𝑗 > 0 such that 𝑃 𝑗(𝑥, 𝐵) > 0. Intuitively, the transition kernel 𝑃 is
irreducible if it visits every Borel set 𝐵 with non-zero probability, regardless of the starting point 𝑥.

Finally, let us introduce another property of transition kernels. The irreducible transition kernel
𝑃 is periodic if there exists a disjoint union of Borel sets {𝐵𝑘}𝑛−1

𝑘=0, where 𝑛 ≥ 2, such that ⨆ 𝐵𝑘 = 𝑋
and

𝑃 (𝑥, 𝐵𝑘+1 mod 𝑛) = 1, ∀𝑥 ∈ 𝐵𝑘, 𝑘 = 0, … , 𝑛 − 1. (4.28)

Intuitively, the transition kernel 𝑃 is periodic if we can split 𝑋 into more that one set 𝐵𝑘, such that
the transition kernel moves the points from 𝐵𝑘 to 𝐵(𝑘+1) mod 𝑛 almost surely. A transition kernel is
aperiodic if it is not periodic.
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Let us now state the theorem which formalizes the approximation formula (4.23).

Theorem 4.1. Consider a probability measure 𝜇 and a Markov chain {𝑋𝑗}∞
𝑗=0 with an irreducible

and aperiodic transition kernel 𝑃 . Furthermore, let 𝜇 be an invariant measure of 𝑃 . Then, we have
that

lim
𝑁→∞

𝑃 𝑁 (𝑥, 𝐵) = 𝜇(𝐵), ∀𝐵 ∈ B, ∀𝑥 ∈ 𝑋. (4.29)

Moreover, for any ℓ ∈ 𝐿(𝜇(𝑑𝑥)) we have that

lim
𝑁→∞

1
𝑁

𝑁

∑
𝑗=1

ℓ(𝑋𝑗) = ∫𝑋
ℓ(𝑥)𝜇(𝑑𝑥) (4.30)

almost certainly.

Thus, in order to sample the probability measure 𝜇 with the MCMCmethod, we need to construct
an irreducible aperiodic transition kernel 𝑃 which preserves 𝜇. One construction of such kernel is
given by the Metropolis-Hastings (MH) algorithm, which is used in this thesis.

Let us now show how the transition kernel of Metropolis-Hastings algorithm is constructed. Con-
sider a function ℎ ∶ 𝑋 × 𝑋 → ℝ+, such that

∫𝑋
ℎ(𝑥, 𝑦)𝑑𝑦 = 1, ∀𝑥 ∈ 𝑋. (4.31)

This means that for every 𝑥 the function ℎ(𝑥, ⋅) is a probability density function of some random
variable. We refer to ℎ as a proposal distribution or a candidate-generating kernel. For every point
𝑥 ∈ 𝑋, we use ℎ(𝑥, ⋅) to propose a move from from a point 𝑥 to a point 𝑦 ∈ 𝑋, where the proposal 𝑦
is sampled from a random variable with the probability density function given by ℎ(𝑥, ⋅). Then, the
Metropolis-Hastings algorithm accepts the move from 𝑥 to 𝑦 with a probability

𝛼(𝑥, 𝑦) = min(1, 𝜋(𝑦)ℎ(𝑦, 𝑥)
𝜋(𝑥)ℎ(𝑥, 𝑦)) , (4.32)

where 𝜋 is defined by 𝜋(𝑥)𝑑𝑥 = 𝜇(𝑑𝑥). In case MH algorithm rejects the proposal, we stay in the
point 𝑥, and sample the new proposal 𝑦. The transition kernel of Metropolis-Hastings algorithm can
thus be represented with

𝑃 (𝑥, 𝐵) = ∫𝑋
𝛼(𝑥, 𝑦)ℎ(𝑥, 𝑦)𝑑𝑦 + (1 − ∫𝑋

𝛼(𝑥, 𝑦)ℎ(𝑥, 𝑦)𝑑𝑦) 𝜒𝐵(𝑥), ∀𝑥 ∈ 𝑋, ∀𝐵 ∈ B, (4.33)

where 𝜒𝐵 is a characteristic function of the set 𝐵. The pseudo-code for the MH method is given in
Algorithm 2. The proposal distribution ℎ(𝑥, ⋅) is sometimes chosen such that ℎ(𝑥, ⋅) does not depend
on 𝑥, or formally

ℎ(𝑥1, 𝑦) = ℎ(𝑥2, 𝑦), ∀𝑥1, 𝑥2, 𝑦 ∈ 𝑋, (4.34)
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in which case the MCMC method is referred to as the independent sampler. Otherwise, the MCMC
method is referred to as the random walk Metropolis (RWM). Common choice for ℎ(𝑥, 𝑦) of RWM
is such that ℎ(𝑥, ⋅) is the p.d.f. of a normal random variable N (𝑥, C).

Algorithm 2 Metropolis-Hastings Algorithm
1: for 𝑛 = 0 to 𝐼 do
2: Draw 𝑣 ∼ ℎ(⋅|𝑢𝑛),
3: Set 𝑢𝑛+1 = 𝑣 with probability min(1, 𝛼(𝑣, 𝑢𝑛)),
4: where 𝛼(𝑣, 𝑢) = 𝜋(𝑣)ℎ(𝑢|𝑣)

𝜋(𝑢)ℎ(𝑣|𝑢) .
5: Otherwise, set 𝑢𝑛+1 = 𝑢𝑛.

4.4 Sequential Monte-Carlo Methods for Inverse Problems

In this section we consider two different methods for inverse problems which approximate a proba-
bility measure 𝜇 with a weighted sum of Dirac deltas 𝛿 as

𝜇(𝑣) ≈
𝑀

∑
𝑖=1

𝑤𝑖𝛿(𝑣 − ̂𝑣𝑖),
𝑀

∑
𝑖=1

𝑤𝑖 = 1, (4.35)

where 𝑀 ∈ ℕ is the number of particles, and the values { ̂𝑣𝑖}𝑀
𝑖=1 are the discretization points. The first

algorithm discussed in Section 4.4.1 gives an alternative way of sampling the posterior from (4.2).
On the other side, the algorithm presented in Section 4.4.2 is specific to the case when the forward
operator G is given as a solution to some ODE at multiple times 0 = 𝜏0 < 𝜏1 < … < 𝜏𝑀 .

4.4.1 S-SMC Algorithm

In this section we introduce the sequential Monte Carlo algorithm, as presented in [12]. We only
discuss the main ideas necessary for the implementation of the algorithm, and refer to [12] for more
detailed analysis of the method. We will use an abbrevation S-SMC for the method discussed in this
section.

Let us consider an integer 𝐽 > 1, let 𝜏 = 1/𝐽 , and define sequence of measures {𝜇𝑗}𝐽
𝑗=1 by a

Radon-Nykodim derivative with respect to the prior 𝜇0 by

𝑑𝜇𝑗
𝑑𝜇0

(𝑢) = 1
𝑍𝑗

exp(−𝑗𝜏Φ(𝑢)),

𝑍𝑗 = ∫𝑋
exp(−𝑗𝜏Φ(𝑢))𝜇0(𝑑𝑢), 𝑗 = 0, … , 𝐽 .

(4.36)

Observe that for 𝑗 = 𝐽 we have that 𝜇𝐽 is actually the posterior 𝜇Y as given in (4.10). S-SMC
algorithm starts from the known measure 𝜇0, and then iteratively builds measures 𝜇𝑗 to arrive at the
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solution 𝜇𝐽 . The key observation is that, while the prior 𝜇0 is very far from the posterior 𝜇𝐽 , the pairs
of measures {𝜇𝑗 , 𝜇𝑗+1}𝐽=1

𝑗=0 are very close to each other for a sufficiently small 𝜏, and thus it is easier
to construct the values 𝜇𝑗 iteratively than to construct the solution 𝜇𝐽 directly from the prior 𝜇0.

Let us now explain how we can use information about the measure 𝜇𝑗 to construct the measure
𝜇𝑗+1. Using the chain rule for Radon-Nykodim derivatives 𝑑𝜇𝑗 /𝑑𝜇0 and 𝑑𝜇𝑗+1/𝑑𝜇0 we get

𝑑𝜇𝑗+1
𝑑𝜇𝑗

=
𝑍𝑗

𝑍𝑗+1
exp(−𝜏Φ(𝑢)). (4.37)

Let us denote with 𝐿 an operator that acts as an application of a Bayes theorem to the inverse problem
with likelihood exp(−𝜏Φ(𝑢)). In particular, given some probability measure 𝜈1, the map 𝜈2 = 𝐿(𝜈1)
is defined with

𝑑𝜈2
𝑑𝜈1

(𝑢) = exp (−𝜏Φ(𝑢))
∫𝑋 exp(−𝜏Φ(𝑣))𝜈1(𝑑𝑣)

. (4.38)

Consider the probability measure ̄𝜇𝑗+1 = 𝐿(𝜇𝑗). We have that

𝑑 ̄𝜇𝑗+1
𝑑𝜇𝑗

(𝑢) = exp (−𝜏Φ(𝑢))
∫𝑋 exp(−𝜏Φ(𝑢))𝜈𝑗(𝑑𝑢)

. (4.39)

Since the non-constant expressions on the right hand side of equations (4.37) and (4.39) are the same,
and because 𝜇𝑗 , 𝜇𝑗+1, ̄𝜇𝑗+1 are all probability measures, we have that 𝜇𝑗+1 = ̄𝜇𝑗+1. In particular, we
have 𝜇𝑗+1 = 𝐿𝜇𝑗 .

Let us denote with {𝑃𝑗}𝐽
𝑗=0 the family ofMarkov transition kernels, such that the measure 𝜇𝑗 is in-

variant measure of 𝑃𝑗 . One specific construction of such transition kernels is given by theMetropolis-
Hastings algorithm which is studied in Section 4.3. Since we have that 𝑃𝑗𝜇𝑗 = 𝜇𝑗 we can use the
following equality

𝜇𝑗+1 = 𝐿𝑃𝑗𝜇𝑗 , 𝑗 = 0, … , 𝐽 − 1, (4.40)

to construct a probability measure 𝜇𝑗+1 from 𝜇𝑗 .
At every step of the S-SMCalgorithmwe approximatemeasures {𝜇𝑗}𝐽

𝑗=0 withDirac sums {𝜇𝑀
𝑗 }𝐽

𝑗=0
as in (4.35). In particular, for every 𝑗 = 1, … , 𝐽 , we write

𝜇𝑗 ≈ 𝜇𝑀
𝑗 (𝑣) =

𝑀

∑
𝑛=1

𝑤(𝑛)
𝑗 𝛿(𝑣 − ̂𝑣(𝑛)

𝑗 ). (4.41)

The first approximation 𝜇𝑀
0 is generated by sampling from 𝜇0. Let us split (4.40) into two steps, as

̂𝜇𝑗+1 = 𝑃𝑗𝜇𝑗 ,
𝜇𝑗+1 = 𝐿 ̂𝜇𝑗+1.

(4.42)
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Note that because 𝜇𝑗 is invariant to 𝑃𝑗 , we have that

𝑑𝜇𝑗+1
𝑑 ̂𝜇𝑗+1

=
𝑍𝑗

𝑍𝑗+1
exp(−𝜏Φ(𝑢)). (4.43)

Since every 𝜇𝑀
𝑗 (𝑣) is defined only through its set of weights {𝑤(𝑛)

𝑗 }𝑀
𝑛=1 and discretization points

{ ̂𝑣(𝑛)
𝑗 }𝑀

𝑛=1, for the construction of themethodwe only need to showhow to update the pairs { ̂𝑣(𝑛)
𝑗 , 𝑤(𝑛)

𝑖 }𝑀
𝑛=1

using (4.40). Let us now consider that we are at the step 0 ≤ 𝑗 < 𝐽 , so that we have calculated 𝜇𝑀
𝑗 .

The result of the first step ̂𝜇𝑀
𝑗+1 = 𝑃𝑗𝜇𝑀

𝑗 from (4.42) is given with

̂𝜇𝑀
𝑗+1(𝑣) =

𝑀

∑
𝑛=1

𝑤(𝑛)
𝑗 𝛿(𝑣 − ̂𝑣(𝑛)

𝑗+1), (4.44)

where values { ̂𝑣(𝑛)
𝑗+1}𝑀

𝑛=1 are sampled from

̂𝑣(𝑛)
𝑗+1 ∼ 𝑃𝑗( ̂𝑣(𝑛)

𝑗 , ⋅), 𝑛 = 1, … , 𝑀. (4.45)

Next, given ̂𝜇𝑀
𝑗+1, we calculate the variable ̄𝜇𝑀

𝑗+1 by

̄𝜇𝑀
𝑗+1 =

𝑀

∑
𝑛=1

�̄�(𝑛)
𝑗+1𝛿(𝑣 − ̂𝑣(𝑛)

𝑗+1), (4.46)

where weights �̄�𝑗+1 are calculated with

�̄�(𝑛)
𝑗+1 = exp(−𝜏Φ( ̂𝑣(𝑛)

𝑗+1)) 𝑤(𝑛)
𝑗 . (4.47)

Finally, we normalize the weights {�̄�(𝑛)
𝑗+1}𝑀

𝑛=1 by

𝑤(𝑛)
𝑗+1 =

�̄�(𝑛)
𝑗+1

𝑀
∑
𝑖=1

�̄�(𝑖)
𝑗+1

, 𝑛 = 1, … , 𝑀, (4.48)

to get the probability measure for the next iteration

𝜇𝑀
𝑗+1 =

𝑀

∑
𝑛=1

𝑤(𝑛)
𝑗+1𝛿(𝑣 − ̂𝑣(𝑛)

𝑗+1), (4.49)

In case the number of particles 𝑀 is sufficiently big, the result of S-SMC method 𝜇𝑀
𝐽 well approx-

imates the solution of inverse problem 4.5. In order to quantify the similarity of 𝜇𝐽 to the output of
S-SMC method 𝜇𝑀

𝐽 , let us introduce the total variation distance between measures 𝜇, 𝜈 defined over
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the set of events F by
𝑑𝑇 𝑉 (𝜇, 𝜈) = sup

𝐴∈F
|𝜇(𝐴) − 𝜈(𝐴)|. (4.50)

Then, if we assume that there exist some 𝜑−, 𝜑+ ∈ ℝ such that the potential Φ satisfies

𝜑− ≤ Φ(𝑢) ≤ 𝜑+, ∀𝑢 ∈ 𝑋, (4.51)

the distance between measures 𝜇Y and 𝜇𝐽 is bounded 3 by

𝑑𝑣𝑎𝑟(𝜇𝑀
𝐽 , 𝜇𝐽 ) ≤

𝐽

∑
𝑗=1

(2𝜅−2)𝑗 1
√𝑀

, (4.52)

where 𝜅 is a constant, 𝜅 ∈ [0, 1].

4.4.2 RPF-SMC Algorithm

In this section we introduce another SMC method which can be used for parameter estimation of
ODEs. The method is a minor modification of particle filtering PF-SMC method given in [2]. Since
the modification relies on usage of a randomized ODE method, we will refer to the method proposed
in this section as RPF-SMC. Let consider the parametrized ODE (4.15) and let us denote the obser-
vations at times 𝑡 ∈ {𝜏𝑘}𝐾

𝑘 with vectors Y𝑘 ∈ ℝ𝑑 , 𝑘 = 1, … , 𝐾 . Furthermore, let us denote with
𝜋0 a probability density of the prior measure 𝜇0 such that 𝜇0(𝑑𝑢) = 𝜋0(𝑢)𝑑𝑢. Finally, we consider
the observational noise to be given with 𝜂 = N (0, 𝜎2𝐼), where 𝐼 is the identity matrix, so that the
observational noise at the times {𝜏𝑘}𝐾

𝑘=1 is given by 𝜂𝑘 = N (0, 𝜎2). Let us denote by {𝜌𝑘}𝐾
𝑘=1 the

probability density function of observational noise {𝜂𝑘}𝐾
𝑘=1.

The algorithm can be explained in the following 6 steps.
1. Initialization: Draw 𝑀 ∈ ℕ particles from 𝜋0(𝑢)

S = {(𝑦1
0, 𝑢1

0, 𝑤1
0), (𝑦2

0, 𝑢2
0, 𝑤2

0), … , (𝑦𝑀
0 , 𝑢𝑀

0 , 𝑤𝑀
0 ))} ,

𝑤1
0 = 𝑤2

0 = … = 𝑤𝑀
0 = 1/𝑀, 𝑦1

0 = 𝑦2
0 = … = 𝑦𝑀

0 = 𝑦0.
(4.53)

Define the mean and covariance of the parameters {𝑢𝑖
0}𝑀

𝑖=1 as

̄𝑢0 = 1
𝑀

𝑀

∑
𝑛=1

𝑤𝑛
0𝑢𝑛

0, C0 =
𝑀

∑
𝑛=1

𝑤𝑛
0(𝑢𝑛

0 − ̄𝑢0)(𝑢𝑛
0 − ̄𝑢0)⊤. (4.54)

Let 𝑗 = 0.
2. Propagation Shrink the parameters

̄𝑢𝑛
𝑗 = 𝑎𝑢𝑛

𝑗 + (1 − 𝑎) ̄𝑢𝑗 , 𝑗 = 1, … , 𝑀, (4.55)
3 See Theorem 5.13 in [12].
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where 𝑎 ∈ [0, 1] is a real number which is given as an input to RPF-SMC algorithm. Usual choice
for 𝑎 is 𝑎 = 0.97.

Compute new state predictions using a deterministic Runge-Kutta method

̄𝑦𝑛
𝑗+1 = Ψℎ(𝑦𝑛

𝑗 , ̄𝑢𝑛
𝑗 ), 𝑛 = 1, … , 𝑀, (4.56)

where for every 𝑛 = 1, … , 𝑀 the map Ψℎ(𝑦𝑛
𝑗 , ̄𝑢𝑛

𝑗 ) denotes a numerical flow of an parametrized initial
value problem (4.15) with an initial value 𝑦𝑛

𝑗 and parameter 𝑢 = ̄𝑢𝑛
𝑗 .

3. Survival of the fittest.

• Compute the fitness of each particle with

̂𝑔𝑛
𝑗+1 = 𝑤𝑛

𝑗 𝜌𝑗+1(Y𝑗+1 − ̄𝑦𝑛
𝑗+1), 𝑛 = 1, … , 𝑀. (4.57)

• Normalize the fitness weights

𝑔𝑛
𝑗+1 =

̂𝑔𝑛
𝑗+1

𝑀
∑
𝑖=1

̂𝑔𝑖
𝑗+1

, 𝑛 = 1, … , 𝑀. (4.58)

• Define random variable 𝑉𝑗+1 with

𝑃 (𝑉𝑗+1 = 𝑛) = 𝑔𝑛
𝑗+1, 𝑛 = 1, … , 𝑀, (4.59)

and make 𝑀 draws 𝑙1, … , 𝑙𝑛 from 𝑉𝑗+1.

• Shuffle
𝑦𝑛

𝑗 = 𝑦𝑙𝑛
𝑗 , ( ̄𝑦𝑛

𝑗+1, ̄𝑢𝑛
𝑗 ) = ( ̄𝑦𝑙𝑛

𝑗+1, ̄𝑢𝑙𝑛
𝑗 ), 𝑛 = 1, … , 𝑀. (4.60)

4. Proliferation. For 𝑛 = 1, … , 𝑁 do the following.

• Proliferate the parameters by

𝑢𝑛
𝑗+1 ∼ N ( ̄𝑢𝑛

𝑗 , 𝑠2C𝑗), 𝑠2 = 1 − 𝑎2. (4.61)

• Repropagate the states using the RTS-RK method

𝑦𝑛
𝑗+1 = Ψ 𝑠

ℎ(𝑦𝑗 , 𝑢𝑛
𝑗+1), 𝑛 = 1, … , 𝑀, (4.62)

where for every 𝑛 = 1, … , 𝑀 the map Ψ 𝑠
ℎ(𝑦𝑛

𝑗 , ̄𝑢𝑛
𝑗 ) denotes a probabilistic numerical flow of the

RTS-RK method for a parameterized initial value problem (4.15) with the initial value 𝑦𝑛
𝑗 and

the parameter 𝑢 = ̄𝑢𝑛
𝑗 .
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5. Update weights. Compute

�̄�𝑛
𝑗+1 =

𝜌𝑗+1 (Y𝑗+1 − 𝑦𝑛
𝑗+1)

𝜌𝑗+1 (Y𝑗+1 − ̄𝑦𝑛
𝑗+1)

, 𝑛 = 1, … , 𝑁, (4.63)

and normalize the weights with

𝑤𝑛
𝑗+1 =

�̂�𝑛
𝑗+1

𝑁
∑
𝑖=1

�̂�𝑖
𝑗+1

, 𝑛 = 1, … , 𝑁. (4.64)

6. Estimate mean and variance of parameters. Compute

̄𝑢𝑗+1 =
𝑁

∑
𝑛=1

𝑤𝑛
𝑗+1𝑢𝑛

𝑗+1, C𝑗+1 = 𝑤𝑛
𝑗+1(𝑢𝑛

𝑗+1 − ̄𝑢𝑗+1)(𝑢𝑛
𝑗+1 − ̄𝑢𝑗+1)⊤. (4.65)

If 𝑗 = 𝐾 − 1, return ̄𝑢𝑗+1 as a solution of algorithm, otherwise set 𝑗 ∶= 𝑗 + 1 and go to step 2.
This finishes our exposition of the RPF-SMC algorithm. Let us remark that the solution given by

RPF-SMC does not converge to the solution 𝜋Y of inverse problem given in Section 4.1, but it can
nonetheless be a good choice for ODE parameter estimation problems.

4.5 Inverse Problems with probabilistic forward operator

In this section we consider using randomized Runge-Kutta integrators for inverse problems in which
the forward operator G is given by a solution of an ODE. For randomized methods, instead of the
forward operator Gℎ which gets evaluated by a deterministic Runge-Kutta method, we consider the
operator

G𝑠
ℎ ∶ 𝑋 × Ω → 𝑌 , (4.66)

which for some parameter 𝑢 produces a random variable 𝐺𝑠
ℎ(𝑢, ⋅). We use 𝐻 to denote a member of

the sample space Ω, and 𝜈 to denote a probability measure on Ω, 𝜈(Ω) = 1.
Furthermore, we consider the operator G𝑠

ℎ to have strong order 𝑝

𝔼𝐻∼𝜈‖G𝑠
ℎ(𝑢, 𝐻) − G(𝑢)‖ < 𝐶ℎ𝑝, (4.67)

where 𝐶 ∈ ℝ+ is a constant which depends only on 𝑢. For example, the operator G𝑠
ℎ is given by AN-

RK or RTS-RKmethod. Let us fix a number𝑀 , and for a parameter 𝑢 and vector𝐻 = {𝐻1, … , 𝐻𝑀 }
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of values {𝐻𝑖}𝑀
𝑖=1 sampled from 𝜈 let us define an unbiased estimator ̂𝜋(𝑢, 𝐻) by

̂𝜋(𝑢, 𝐻) = 1
𝑀

𝑀

∑
𝑖=1

𝜌 (Y − G𝑠
ℎ(𝑢, 𝐻𝑖)) 𝜋0(𝑢). (4.68)

In order to relax the notation, let us define 𝜈𝑀 as a product of 𝑀 measures 𝜈. In particular, we have

𝜈𝑀 = 𝜈 × … × 𝜈⏟⏟⏟⏟⏟
M times

. (4.69)

Then, we can say that the vector 𝐻 is sampled from 𝜈𝑀 . Replacing the 𝜋Y (𝑢) with ̂𝜋(𝑢, 𝐻) in
Metropolis-Hastings scheme gives rise to ”Monte Carlo within Metropolis” (MWCM) algorithm.
For clarity, we provide the pseudo-code for MCWM method in Algorithm 3.

Algorithm 3 MCWM Algorithm
1: for 𝑛 = 1 to 𝐼 do
2: Draw 𝑣 ∼ ℎ(⋅|𝑢𝑛), and draw 𝐻1, 𝐻2 from 𝜈𝑀 .
3: Take 𝑢𝑛+1 = 𝑣 with a probability min(1, �̂�(𝑣, 𝑢, 𝐻1, 𝐻2)),
4: where �̂�(𝑣, 𝑢, 𝐻1, 𝐻2) = ̂𝜋(𝑣,𝐻2)ℎ(𝑢|𝑣)

̂𝜋(𝑢,𝐻1)ℎ(𝑣|𝑢) .
5: Otherwise, set 𝑢𝑛+1 = 𝑢𝑛.

Another approach to incorporate stochastic forward operator in the framework of Bayesian prob-
lems is to use pseudo-marginal Metropolis-Hastings (PMMH) algorithm proposed by Beaumont [7],
and studied in more detail by Andrieu and Roberts [6]. In particular, the PMMH method (Algorithm
4) samples from a random variable with probability density function

𝜋𝑌
𝑠 (𝑢) ∝ ∫Ω

𝜌(Y − G𝑠
ℎ(𝑢, 𝐻))𝜈(𝑑𝐻)𝜋0(𝑢), (4.70)

which approximates the exact solution 𝜋Y . The PMMH algorithm is very similar to the MCWM
algorithm; the only difference comes from the fact that the PMMH algorithm recycles the value
given by the estimator ̂𝜋 in the previous step, while MCWM recomputes it.

Algorithm 4 PMMH Algorithm
1: Draw 𝑢 from prior 𝜇0, 𝐻 from 𝜇𝑀 and compute 𝜋 = ̂𝜋(𝑢, 𝐻) .
2: for 𝑛 = 1 to 𝐼 do
3: Draw 𝑣 ∼ ℎ(⋅|𝑢𝑛),
4: Draw 𝐻 from 𝜈𝑀 , and define 𝜋𝑛 = ̂𝜋(𝑣, 𝐻).
5: Take (𝑢𝑛+1 = 𝑣, 𝜋 = 𝜋𝑛) with probability min(1, �̄�(𝑣, 𝑢, 𝜋𝑛, 𝜋)),
6: where �̄�(𝑣, 𝑢, 𝜋𝑛)) = 𝜋𝑛ℎ(𝑢|𝑣)

𝜋ℎ(𝑣|𝑢) .
7: Otherwise, set 𝑢𝑛+1 = 𝑢𝑛.
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4.5.1 Bounds on Difference of Probabilities Produced by MCWM and MH Method

It is interesting to investigate the solution given by MCWM and PMMH algorithms in the limit case
ℎ → 0. Since in this case the stochastic forward operator G𝑠

ℎ is converging towards G, we expect that
the solutions of both MCWM and PMMH algorithms converge to the exact solution of the inverse
problem 𝜋Y given in (4.7). The solution of PMMH algorithm can be indeed pushed arbitrarily close
to 𝜋Y by choosing sufficiently small ℎ, as it is showed in [22]. To the best knowledge of the author,
this result was not available for MCWM algorithm so far. In this section we give a bound on the
difference between the probability measure given by MCMC and MCWM methods, which solves
this question.

In order to prove the main theorem, let us make the following assumptions.

Assumption 4.2. The following statements hold true.

• (A1) Consider the forward operator G, and the randomized forward operator G𝑠
ℎ. There exists

a constant 𝐶∞ < ∞ such that

‖G(𝑋)‖𝑌 < 𝐶∞, ‖G𝑠
ℎ(𝑋, Ω)‖𝑌 < 𝐶∞. (4.71)

In other words, operators G and G𝑠
ℎ are uniformly bounded.

• (A2) Consider the observational noise 𝜂 from 4.5, with the probability density function 𝜌. We
assume that

sup
𝑥,𝑦∈𝑌 |1 − 𝜌(𝑥)

𝜌(𝑦) | < 𝐶𝜌‖𝑥 − 𝑦‖𝑌 ⋅ 𝑟(𝑥, 𝑦), (4.72)

where 𝑟 ∶ 𝑌 × 𝑌 → ℝ is some continuous function.

Assumption (A2) is not very strong, and it holds for any zero mean normal random variable, as
it is highlighted in the following lemma.

Lemma 4.1. The probability density function 𝜌 of a 𝑑-dimensional normal random variableN (0, C)
satisfies Assumption (A2).

Proof. The probability density function 𝜌(𝑥) is given by

𝜌(𝑥) = exp(−1/2𝑥⊤C−1𝑥)
√(2𝜋)𝑑|C|

. (4.73)

Thus, we have that

|1 − 𝜌(𝑢)
𝜌(𝑣) | = |1 − exp(−1/2𝑥⊤C−1𝑥)

exp(−1/2𝑦⊤C−1𝑦) | . (4.74)

Then, using
|1 − 𝑒𝑥| ≤ |𝑥| exp(|𝑥|), ∀𝑥 ∈ ℝ, (4.75)
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along with Cauchy-Schwarz inequality we can further bound (4.74) with

|1 − exp(−1/2𝑥⊤C−1𝑥)
exp(−1/2𝑦⊤C−1𝑦) | ≤ ‖𝑥 − 𝑦‖𝑌 ⋅ 𝑔(𝑥, 𝑦) exp(‖𝑥 − 𝑦‖𝑌 ⋅ 𝑔(𝑥, 𝑦)), (4.76)

where 𝑔(𝑥, 𝑦) is given with

𝑔(𝑥, 𝑦) = 1
2 (‖𝑥⊤C−1‖𝑌 + ‖C−1𝑦⊤‖𝑌 ) . (4.77)

Thus, the bound (4.72) of Assumption (A2) directly follows from (4.77)with 𝑟(𝑥, 𝑦) = 𝑔(𝑥, 𝑦) exp(‖𝑥−
𝑦‖𝑌 ⋅ 𝑔(𝑥, 𝑦)).

The proof of the main theorem in this chapter relies on a theorem which is a minor adaptation of
a result from [5].

Theorem 4.2. Consider the Metropolis-Hastings Markov chain with the transition kernel P, and
consider the transition kernel ̂𝑃 of the MCWM algorithm. Let us assume that P is uniformly ergodic,
i.e

sup
𝑢∈𝑋

‖𝛿𝑢𝑃 𝑛 − 𝜋‖ ≤ 𝐶𝛾𝑛, (4.78)

and let us assume that 𝛼(𝑣, 𝑢) and �̂�(𝑣, 𝑢, 𝐻1, 𝐻2) satisfy

𝔼𝐻1,𝐻2∼𝜈𝑀 |𝛼(𝑣, 𝑢) − �̂�(𝑣, 𝑢, 𝐻1, 𝐻2)| ≤ 𝛿(𝑢, 𝑣), (4.79)

where 𝛿 ∶ 𝑋 × 𝑋 → ℝ is a function. Then, we have for any starting point 𝑢0, and any 𝑛 ∈ ℕ

‖𝛿𝑢0𝑃 𝑛 − 𝛿𝑢0
̂𝑃 𝑛‖ ≤ (𝜆 + 𝐶𝜌𝜆

1 − 𝛾 ) sup
𝑢∈𝑋 ∫ ℎ(𝑣|𝑢)𝛿(𝑢, 𝑣)𝑑𝑣, (4.80)

where 𝜆 = ⌈
𝑙𝑜𝑔(1/𝐶)

𝑙𝑜𝑔𝛾 ⌉.

Proof. The proof of this theorem is a straightforward extension of Corollary 2.3 from [5], which
relies on the results from [23].

Under the assumption of uniform ergodicity, we need only to find a suitable function 𝛿(𝑢, 𝑣) such
that (4.79) holds true, and use it in (4.80) to bound the difference between the probability measures
produced by MCMC and MCWM methods. In the following theorem we propose a function 𝛿(𝑢, 𝑣)
which satisfies the inequality (4.79).

Theorem 4.3. Assume that the stochastic forward operator G𝑠
ℎ has strong order 𝑝. Furthermore,

assume that (A1) and (A2) hold. Then, one possible bound 𝛿 from (4.79) is given by

𝛿(𝑢, 𝑣) = 𝜋0(𝑣)
𝜋0(𝑢) ⋅ 𝐶𝛼ℎ𝑝, (4.81)
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where 𝐶𝛼 > 0 is a constant independent on 𝑢 and ℎ.

Proof. Expanding the expression from (4.79) gives

𝔼𝐻1,𝐻2∼𝜈𝑀 |𝛼(𝑣, 𝑢) − �̂�(𝑣, 𝑢, 𝐻1, 𝐻2)| = ∫ ∫ |
𝜋(𝑣)
𝜋(𝑢) − ̂𝜋(𝑣, 𝐻1)

̂𝜋(𝑢, 𝐻2) | 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2). (4.82)

Let us define
𝐷1 = 𝜋(𝑣)

𝜋(𝑢) − ̂𝜋(𝑣, 𝐻1)
𝜋(𝑢) , 𝐷2 = ̂𝜋(𝑣, 𝐻1)

𝜋(𝑢) − ̂𝜋(𝑣, 𝐻1)
̂𝜋(𝑢, 𝐻2) . (4.83)

We can now express (4.82) as

∫ ∫ |𝐷1 + 𝐷2| 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2). (4.84)

Using the triangular inequality, we get

𝔼𝐻1,𝐻2∼𝜈𝑀 |𝛼(𝑣, 𝑢) − �̂�(𝑣, 𝑢, 𝐻1, 𝐻2)| ≤

∫ ∫ |𝐷1| 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2) + ∫ ∫ |𝐷2| 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2).
(4.85)

Now, let us define

𝐴 = ∫ ∫ |𝐷1| 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2), 𝐵 = ∫ ∫ |𝐷2| 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2), (4.86)

and give bounds on 𝐴, 𝐵. We start by giving a bound on 𝐴.

𝐴 = ∫ ∫ |
𝜋(𝑣)
𝜋(𝑢) − ̂𝜋(𝑣, 𝐻1)

𝜋(𝑢) | 𝜈𝑀 (𝑑𝐻1)𝜈𝑀 (𝑑𝐻2) = ∫ |
𝜋(𝑣)
𝜋(𝑢) − ̂𝜋(𝑣, 𝐻1)

𝜋(𝑢) | 𝜈𝑀 (𝑑𝐻1) =

𝜋(𝑣)
𝜋(𝑢) ⋅ ∫ |1 − ̂𝜋(𝑣, 𝐻1))

𝜋(𝑣)) | 𝜈(𝑑𝐻1).
(4.87)

Let us bound 𝜋(𝑣)/𝜋(𝑢) first. Let us expand the expression 𝜋(𝑢) = 𝜋0(𝑢)𝜌 (Y − G(𝑢)) and consider

𝜋(𝑣)
𝜋(𝑢) ≤ 𝜋0(𝑣)

𝜋0(𝑢) |1 − 𝜌 (Y − G(𝑣))
𝜌 (Y − G(𝑢)) − 1| ≤ 𝜋0(𝑣)

𝜋0(𝑢) (|1 − 𝜌 (Y − G(𝑣))
𝜌 (Y − G(𝑢)) | + 1) . (4.88)

Using Assumption (A2) we can further bound (4.88) by

𝜋(𝑣)
𝜋(𝑣) ≤ 𝜋0(𝑣)

𝜋0(𝑢) (1 + ‖G(𝑢) − G(𝑣)‖𝑌 𝑟 (Y − G(𝑣),Y − G(𝑢))) . (4.89)

Now, since by Assumption (A1) the operator G is uniformly bounded and 𝑟(𝑢, 𝑣) is continous, we
have that the expression

(1 + ‖G(𝑢) − G(𝑣)‖𝑌 𝑟 (Y − G(𝑣),Y − G(𝑢))) (4.90)
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in (4.89) is uniformly bounded as well by a constant 𝐶1 ∈ ℝ+. Therefore, we have that

𝜋(𝑣)
𝜋(𝑢) ≤ 𝐶1

𝜋0(𝑣)
𝜋0(𝑢) (4.91)

Let us now bound the integral

∫ |1 − ̂𝜋(𝑣, 𝐻1))
𝜋(𝑣)) | 𝜈𝑀 (𝑑𝐻1), (4.92)

from (4.87). Let us recall that 𝐻1 can be expanded as 𝐻1 = {𝐻1
1 , 𝐻2

1 , … , 𝐻𝑀
1 } and write

∫ |1 − ̂𝜋(𝑣, 𝐻1))
𝜋(𝑣)) | 𝜈𝑀 (𝑑𝐻1) ≤ ∫

|
|
||

1
𝑀

𝑀

∑
𝑖=1

1 −
𝜌 (Y − G𝑠

ℎ(𝑣, 𝐻 𝑖
1))

𝜌 (Y − G(𝑣))
|
|
||
𝜈𝑀 (𝑑𝐻1) ≤

1
𝑀

𝑀

∑
𝑖=1 ∫ |

1 −
𝜌 (Y − G𝑠

ℎ(𝑣, 𝐻 𝑖
1))

𝜌 (Y − G(𝑣)) |
𝜈(𝑑𝐻 𝑖

1) = ∫ |
1 −

𝜌 (Y − G𝑠
ℎ(𝑣, 𝐻))

𝜌 (Y − G(𝑣)) |
𝜈(𝑑𝐻),

(4.93)

where in the last equality we used the fact that all random variables 𝐻1
1 , 𝐻2

1 , … , 𝐻𝑀
1 are independent

and identically distributed as 𝐻 ∼ 𝜈. Finally, let us bound (4.93) using Assumption (A2) as

∫ |1 −
𝜌(Y − G𝑠

ℎ(𝑣, 𝐻))
𝜌(Y − G(𝑣)) | 𝜈(𝑑𝐻) ≤ ∫ ‖G(𝑢) − G𝑠

ℎ(𝑢, 𝐻)‖𝑌 ⋅ 𝑟(Y − G𝑠
ℎ(𝑣, 𝐻),Y − G(𝑣))𝜈(𝑑𝐻).

(4.94)
Because the operators G,G𝑠

ℎ are uniformly bounded as per Assumption (A1), and since 𝑟(⋅, ⋅) is con-
tinous, we can bound

𝑟(Y − G𝑠
ℎ(𝑣, 𝐻),Y − G(𝑣)) (4.95)

from above by some constant 𝐶2. Thus, we can further bound (4.94) with

∫ ‖G(𝑢) − G𝑠
ℎ(𝑢, 𝐻)‖𝑌 ⋅ 𝑟 (Y − G𝑠

ℎ(𝑣, 𝐻),Y − G(𝑣)) 𝜈(𝑑𝐻) ≤ 𝐶2 ∫ ‖G(𝑢) − G𝑠
ℎ(𝑢, 𝐻)‖𝑌 𝜈(𝑑𝐻)

≤ 𝐶2𝐶ℎ𝑝,
(4.96)

where in the last inequality we used the fact that G𝑠
ℎ is of strong order 𝑝. Thus, 𝐴 can be bounded

with
𝐴 ≤ 𝐶1𝐶2𝐶ℎ𝑝 𝜋0(𝑣)

𝜋0(𝑢) . (4.97)

We can bound 𝐵 in similar fashion, and we skip that proof for the sake of brevity. This finishes our
proof.

Substituting 𝛿 obtained in Theorem 4.3 to the expression (4.80) gives

‖𝛿𝑢0𝑃 𝑛 − 𝛿𝑢0
̂𝑃 𝑛‖ ≤ ℎ𝑝𝐶 sup

𝑢∈𝑋 ∫ ℎ(𝑣|𝑢)𝜋0(𝑣)
𝜋0(𝑢) 𝑑𝑣, (4.98)
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where 𝐶 < ∞ is a constant independent of ℎ. If we assume that 𝜋0 is supported in some compact set
Θ, we can replace sup𝑢∈𝑋 from Theorem 4.2 with sup𝑢∈Θ. Then, if we assume that

1
𝐶𝜋

< 𝜋0(𝑢) < 𝐶𝜋 , ∀𝑢 ∈ Θ, (4.99)

where 𝐶𝜋 > 0 is a constant independent of 𝑢, we can bound expression (4.98) with

‖𝛿𝑢0𝑃 𝑛 − 𝛿𝑢0
̂𝑃 𝑛‖ < 𝐶𝑐ℎ𝑝, ∀𝑢0 ∈ Θ, (4.100)

where 𝐶𝑐 < ∞ is a constant which does not depend on ℎ. Now, since 𝛿𝑢0𝑃 𝑛 → 𝜋Y as 𝑛 → ∞, we
have that

lim sup
𝑛→∞

‖𝜋Y − 𝛿𝑢0
̂𝑃 𝑛‖ ≤ 𝐶𝑐ℎ𝑝, ∀𝑢0 ∈ Θ. (4.101)

4.6 Numerical Experiments

In this section we provide numerical tests for the methods discussed in this chapter. In Section 4.6.1
we verify the correctness of MCMC, S-SMC and RPF-SMC methods by using them to estimate the
parameter 𝜆 of the test equation (2.16). Next, in Section 4.6.2 we apply these methods to a more
complicated inverse problem for which the forward operator G is given as a solution to the FitzHugh-
Nagumo equation (3.22). Finally, in Section 4.6.3 we conduct a test on inverse problems in which the
forward operator G is replaced by probabilistic map G𝑠

ℎ. In particular, we test PMMH and MCWM
methods. Next, we consider the limit case when the variance of 𝜂 from 4.5 is very small, where we
show that the RTS-RK within PMMH scheme gives better results than the deterministicaly driven
MCMC algorithm. RTS-RK within PMMH scheme is not always advantageous to deterministicaly
driven MCMC methods, which is showed in the last experiment of this section.

4.6.1 MCMC, S-SMC, and RPF-SMC: Basic Tests

In this section we check the correctness of the methods presented in Sections 4.3 and 4.4, by applying
them to the simple test equation 2.16. Let us recall the test equation

̇𝑦 = 𝜆𝑦, 𝑦0 = 1. (4.102)

In the spirit of the discussion from Section 4.2, we take the unknown parameter 𝑢 to be 𝜆, and take the
prior to be 𝑢 ∼ N (0, 𝜎2), with 𝜎 = 0.05. Let us consider observations at times 𝜏𝑛 = 𝑛𝑇 /𝐾, for 𝑛 =
1, … , 𝐾, 𝐾 = 100. The forward operator 𝐺ℎ is evaluated using the explicit Euler method with
ℎ = 𝑇 /𝑁, 𝑁 = 5𝐾 . The observations Y are generated by evaluating Gℎ(𝑢) for 𝑢 = 1 and with a very
small step-size ℎ = 𝑇 /𝑁, 𝑁 = 500𝐾 . The noise 𝜂 from inverse problem formulation

Y = Gℎ(𝑢) + 𝜂, (4.103)
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is taken to beN (0, (0.01)2𝐼𝐾 ), where 𝐼𝐾 is 𝐾-dimensional identity matrix. The probability measures
which describe the solutions given byMetropolis-Hastings, S-SMC and RPF-SMCmethods are given
in Figure 4.1. For the starting point of MCMC algorithm we have taken 𝑋0 = 2. The S-SMC
algorithm is used with 𝐽 = 20 iteration steps and 𝑀 = 200 particles. The RPF-SMC algorithm was
used with 𝑀 = 104 particles.
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Fig. 4.1 Distribution of parameter inference for test equation calculated byMetropolis-Hastings (left),
S-SMC (center) and RPF-SMC (right) methods.

4.6.2 MCMC, S-SMC and RPF-SMC: Bayesian Inference for FitzHugh-Nagumo Equa-
tion

In this section we use MCMC, S-SMC and RPF-SMC methods for estimating the parameters of
FitzHugh-Nagumo equation. Let us recall the FitzHugh-Nagumo equation with

𝑑𝑉
𝑑𝑡 = 𝑐 (𝑉 − 𝑉 3

3 + 𝑅) ,

𝑑𝑅
𝑑𝑡 = −1

𝑐 (𝑉 − 𝑎 + 𝑏𝑅) ,
(4.104)

For the initial condition we take 𝑉 (0) = −1, 𝑅(0) = 1. In the spirit of Section 4.2, we take the forward
operator G to be a solution of the equation at the observed times 𝜏𝑛 = 𝑛𝑇 /𝐾, 𝑛 = 1, … , 𝐾, 𝐾 = 100.
We consider the parameter 𝑢 to be

𝑢 = (log(𝑎), log(𝑏), log(𝑐))⊤, (4.105)

in order to ensure the that the values 𝑎, 𝑏, 𝑐 are positive for every 𝑢 ∈ ℝ3. The approximation Gℎ of
the forward operator G is provided by Heun’s method (2.13), with the step-size ℎ = 𝑇 /𝑁, 𝑁 = 5𝐾 .

The observations Y are generated by evaluating Gℎ(𝑢) for 𝑢 = (log(0.2), log(0.2), log(3))⊤ and a
very small step-size ℎ = 𝑇 /𝑁, 𝑁 = 500𝐾 . The noise 𝜂 from the inverse problem formulation

Y = Gℎ(𝑢) + 𝜂, (4.106)
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is taken to beN (0, (0.05)2𝐼2𝐾 ), where 𝐼2𝐾 is 2𝐾-dimensional identity matrix. The probability mea-
sureswhich describe the inferred probability of the parameter 𝑐 given byMetropolis-Hastings, S-SMC
and RPF-SMC methods are given in Figure 4.2. For the starting point of MCMC algorithm we have
taken 𝑋0 = (0, 0, 0). The S-SMC algorithm is used with 𝐽 = 200 iteration steps and 𝑀 = 2000
particles. The RPF-SMC algorithm was used with 𝑀 = 105 particles.
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Fig. 4.2 Histogram for parameter 𝑐 of FitzHugh-Nagumo model (3.22), produced by Metropolis-
Hastings (left), S-SMC (center), and RPF-SMC (right) algorithm. The distribution of 𝑐 is marginal-
ized over other two parameters (𝑎, 𝑏).

4.6.3 Randomized Runge-Kutt Methods and Inverse Problems: Numerical Tests

In this section we numerically study the solutions of inverse problems when the forward operator
G is approximated by the stochastic operator G𝑠

ℎ. We first compare the solutions given by Monte-
Carlo within Metropolis (MCWM) and pseudo-marginal Metropolis-Hastings algorithms. Then, we
numerically show that the stochastic forward operator G𝑠

ℎ within PMMH algorithm can account better
for the uncertainty of the numerical solver and thus give better results than the deterministic Gℎ within
Metropolis-Hastings algorithm. Unfortunately, this does not always needs to be the case, which we
show in the last numerical test of this section.

In this section we consider the test equation (4.102). We make observations only at the final time,
so therefore we have 𝐾 = 1 and 𝜏1 = 𝑇 . We take the unknown parameter 𝑢 to be 𝜆, and model the
belief about 𝑢 with 𝑢 ∼ N (0, 𝜎2), with 𝜎 = 1. For each test in this section we consider the forward
operator Gℎ to be evaluated with the explicit Euler method, and probabilistic forward operator G𝑠

ℎ
to be evaluated with RTS-RK method with the explicit Euler method as an underlying Runge-Kutta
scheme. We always use ℎ = 𝑇 /𝑁, 𝑁 = 20.

Let us first consider the solutions provided by PMMH and MCWM methods. We take the ob-
servational noise 𝜂 to be 𝜂 ∼ N (0, (0.1)2). The results produced by PMMH and MCWM methods
are given in Figure 4.3. From this figure we can observe the typical difference between the solutions
produced by PMMH and MCWM methods: the probability measure generated by MCWM method
tends to be much wider than the one produced by PMMH algorithm.
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Fig. 4.3 Histograms for parameter 𝜆 of test-equation model (4.102) produced by PMMH (green) and
MCWM (blue).

Let us now compare the solution given by the PMMH schemewith the stochastic forward operator
G𝑠

ℎ to the solution produced by MH with the deterministic forward operator Gℎ. We consider the case
when the variance of the noise 𝜂 is much smaller; in particular, 𝜂 ∼ N (0, (0.03)2). The results are
given in Figure 4.4.
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Fig. 4.4 Histograms for parameter 𝜆 of test-equation model (4.102) produced by PMMH (green) and
MH (blue) schemes. The forward operator G𝑠

ℎ is evaluated by the RTS-RK method with the explicit
Euler as an underlying Runge-Kutta scheme.
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From Figure 4.4 we can see that PMMH gives better results than MH algorithm. Unfortunately,
this is not always the case. To show this, let us consider the observations times 𝜏𝑛 = 𝑛𝑇 /𝐾, 𝑛 =
1, … , 𝐾, 𝐾 = 10, and consider the noise 𝜂 to be 𝜂 ∼ N (0, (0.03)2𝐼𝐾 ). We use the PMMH method
with the RTS-RK scheme with the probabilistic step-sizes {𝐻𝑘}𝑁

𝑘=1 chosen with 𝐻𝑘 = ℎ + 𝜁ℎ, 𝑘 =
1, … , 𝑁 , where 𝜁ℎ is a random variable with probability density function 𝑓𝜁ℎ defined as

𝑓𝜁ℎ =
⎧⎪
⎪
⎨
⎪
⎪⎩

𝑏/(𝑎 + 𝑏), −𝑎ℎ < 𝑥 < 0,
𝑎/(𝑎 + 𝑏), 0 ≤ 𝑥 ≤ ℎ𝑏,
0, otherwise,

(4.107)

where 𝑎, 𝑏 ∈ ℝ+ and 𝑎 < 1/ℎ. Let us denote that this choice of {𝐻𝑘}𝑁
𝑘=1 is a generalization of (3.17),

since the choice (3.17) is obtained for 𝑎 = 𝑏 = 1. It is straightforward to check that the variables
𝐻𝑘 satisfy Assumption 3.4, and thus by Theorem 3.3 the RTS-RK method with this choice of 𝐻𝑘
converges with strong order 1. The comparison of the PMMH scheme with such choice of RTS-RK
method to the solution produced by MH algorithm is given in Figure 4.5. For 𝜁ℎ we choose 𝑎 = 0.1
and 𝑏 = 10.
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Fig. 4.5 Comparison of PMMH and RTS-RK method, with RTS-RK method being driven by the
explicit Euler method and skewed choice of random step-sized given by 𝐻𝑘 = ℎ + 𝜁ℎ.
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Chapter 5

Bayesian Inverse Problems in
Infinite-Dimensional Setting

In the previous chapter we have introduced Bayesian inverse problems. The discussion presented was
restricted to the finite-dimensional case, which allowed us to motivate the approach in a clear way,
and also use the Metropolis-Hastings method for sampling the solution of the inverse problem which
was given as probability measure 𝜇Y . In this chapter we extend the topic by addressing necessary
adaptations required for the infinite-dimensional case.

In Section 5.1 we discuss the changes to the approach from the previous chapter necessary for
dealing with infinite-dimensional Bayesian inverse problems. In particular, we define the solution of
infinite-dimensional problem, and discuss how the prior measure 𝜇0 can be specified. Furthermore,
we introduce the preconditioned Crank-Nicolson method (pCN) [9], which is anMCMCmethod used
to sample from the solution given as a probability measure 𝜇Y .

Then, in Section 5.2 we consider the parabolic Brusselator partial differential equation, and show
how this equation can be suitably solved with the method of lines. Finally, in Section 5.3 we use the
framework developed in Section 5.1 to perform numerical tests for the Brusselator problem.

5.1 Bayesian Inverse Problems in Infinite-Dimensional Setting

Similar to Chapter 4, let us consider the equation

Y = G(𝑢) + 𝜂, (5.1)

where the forward operator G ∶ 𝑋 → 𝑌 is a map between possibly infinite dimensional Hilbert
spaces 𝑋, 𝑌 . We consider the observations Y to be given, 𝜂 to be a random variable, and search for
suitable values of 𝑢. Under Assumption 4.1 on the potential function Φ ∶ 𝑋 × 𝑌 → ℝ we can show
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that the expression (4.10) is well defined, and thus we consider the probability measure 𝜇Y given by

𝑑𝜇Y

𝑑𝜇0
∝ 𝑒−Φ(𝑢,Y), (5.2)

to be the solution of the inverse problem.
Let us first discuss how the prior 𝜇0 can be specified. The prior 𝜇0 is usually taken to be a Gaussian

measureN (𝑚0, C), where 𝑚0 ∈ 𝑋 is a mean, and C is a covariance operator. The covariance operator
C is taken to be compact and positive-definite, which by spectral theorem allows for specification of
an orthonormal basis {𝜙𝑖}∞

𝑖=1 as

C𝜙𝑖 = 𝜆2
𝑖 𝜙𝑖, 𝑖 = 1, 2, … . (5.3)

Furthermore, we assume that C is a trace-class, so that eigenvalues {𝜆2
𝑖 }∞

𝑖=1 satisfy

∞

∑
𝑖=1

𝜆2
𝑖 < ∞. (5.4)

Such a choice of covariance C allows for a representation of the prior 𝜇0 via a Karhunen–Loéve
expansion with

𝜇0(𝑥) = 𝑚0 +
∞

∑
𝑖=1

𝜆𝑖𝜙𝑖𝜀𝑖, (5.5)

where {𝜀𝑖}∞
𝑖=1 are i.i.d. random variables, 𝜀𝑖 ∼ N (0, 1). Since by spectral theorem we have 𝜆𝑖 → 0

as 𝑖 → ∞, the measure 𝜇0 can approximated by the projection P𝑑𝑢 of Karhunen–Loéve expansion
(5.5) onto the first 𝑑𝑢 nodes with

P𝑑𝑢(𝜇0) = 𝑚0 +
𝑑𝑢

∑
𝑖=1

𝜆𝑖𝜙𝑖𝜀𝑖. (5.6)

Moreover, since the eigenvalues {𝜆𝑛}∞
𝑛=1 in most common cases converge quickly towards 0 (usually

𝜆𝑛 ∼ 𝑛−2), the measure 𝜇0 is well approximated by P𝑑𝑢 for small values of 𝑑𝑢 (usually 𝑑𝑢 > 10 is
sufficient).

Let us now consider the problem of sampling the posterior 𝜇Y using the formula (5.2) and spec-
ification of the prior as in (5.5). The main idea is to consider algorithms which are well defined for
infinite-dimensional representation of the prior (5.5), since these algorithms are robust under themesh
refinement 𝑑𝑢 → ∞. One such algorithm is the pCN method, which belongs to the class of MCMC
methods and is studied in [9]. Let us recall from the discussion on MCMC methods in Section 4.3
that any MCMC method can be defined by specifying its transition kernel.
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In order to motivate construction of the transition kernel for pCN method, let us first consider the
Langevin stochastic partial differential equation

𝑑𝑢
𝑑𝑠 = −K(L𝑢 + 𝛾𝐷Φ(𝑢)) + √2K𝑑𝑊

𝑑𝑠 , (5.7)

where L = C−1, K = C or K = 𝐼 , and 𝑊 is a Brownian motion. The square root of K can be
defined through diagonalization of C in Karhunen–Loéve basis. The Langevin equation preserves the
measure 𝜇0 for 𝛾 = 0, and the measure 𝜇Y for 𝛾 = 1 [10, 15, 16]. Let us fix 𝛾 = 0 and K = C, for
which the equation (5.7) becomes

𝑑𝑢
𝑑𝑠 = −𝑢 + √2K𝑑𝑊

𝑑𝑠 . (5.8)

Different choices of 𝛾 or K are used in derivation of other schemes, such as Metropolis-adjusted
Langevin (MALA) algorithm, which are discussed in [9]. Approximating 𝑑𝑢/𝑑𝑠 with finite differ-
ences and considering Crank-Nicolson approximation of the linear part of (5.8), we get

𝑣 − 𝑢
𝛿 = 𝑢 + 𝑣

2 + √2K𝑑𝑊
𝑑𝑠 . (5.9)

Consider 𝛿 ∈ [0, 2], and let us define 𝛽2 = 8𝛿/(2 + 𝛿)2. Then we can rewrite (5.9) as

𝑣 = √1 − 𝛽2𝑢 + 𝛽𝑤, (5.10)

where 𝑤 ∼ N (0, C). The equation (5.10) is used to propose a move from a point 𝑢 to a point 𝑣 in
the pCN method. Actually, the equation (5.10) introduces the candidate-generating kernel ℎ(𝑢, 𝑣) of
the pCN method. Finally, to conclude the introduction of the pCN method we define accept-reject
formula with

𝛼(𝑢, 𝑣) = min (1, 𝛼(𝑢, 𝑣)) , (5.11)

where 𝛼 ∶ 𝑋 × 𝑋 → ℝ+ is given with

𝛼(𝑢, 𝑣) = exp(Φ(𝑢) − Φ(𝑣)). (5.12)

Let us remark that due to the careful construction of the candidate-generating kernel, there is no need
to include the prior in the accept-reject formula for (5.12), as shown by Theorem 6.2 in [9]. The
pseudo-code for the pCN method is given in Algorithm 5.
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Algorithm 5 pCN Algorithm
1: Draw 𝑢0 from the truncated prior P𝑑𝑢(𝜇0).
2: for 𝑛 = 0 to 𝐼 do
3: Propose 𝑣𝑛 ∼ √1 − 𝛽2𝑢 + 𝛽𝜀𝑛, 𝜀𝑘 ∼ N (0, C)
4: Set 𝑢𝑛+1 = 𝑣𝑛 with probability min(1, 𝛼(𝑣𝑛, 𝑢𝑛)),
5: where 𝛼(𝑣, 𝑢) = exp(Φ(𝑢) − Φ(𝑣)).
6: Otherwise, set 𝑢𝑛+1 = 𝑢𝑛.

5.2 Brusselator Problem

We now consider the Brusselator problem

𝜕𝑈
𝜕𝑡 = 𝑎 + 𝑈 2𝑉 − (1 + 𝑏)𝑈 + 𝜈 𝜕2𝑈

𝜕𝑥2 ,

𝜕𝑉
𝜕𝑡 = 𝑏𝑈 − 𝑈 2𝑉 + 𝜈 𝜕2𝑉

𝜕𝑥2 ,
(5.13)

where 𝑥 ∈ (0, 1), the parameters take values 𝑎 = 1, 𝑏 = 3, 𝜈 = 0.01. The boundary conditions we
consider are

𝑈(0, 𝑡) = 𝑈(1, 𝑡) = 1, 𝑉 (0, 𝑡) = 𝑉 (1, 𝑡) = 3, (5.14)

with the initial conditions

𝑈(𝑥, 0) = 1 + 𝑠𝑖𝑛(2𝜋𝑥), 𝑉 (𝑥, 0) = 3. (5.15)

We solve this problem using the method of lines (MOL), first by discretizing the equation (5.13) in
space using 𝑘 + 1 evenly spaced nodes {𝑥𝑛}𝑘

𝑛=0, with 𝑥𝑛 = 𝑛Δ𝑥, Δ𝑥 = 1/𝑘. By introducing the
notation 𝑈𝑖 = 𝑈(𝑡, 𝑥𝑖), 𝑉𝑖 = 𝑉 (𝑡, 𝑥𝑖) and approximating 𝜕2𝑈/𝜕𝑥2 and 𝜕2𝑉 /𝜕𝑥2 with centered finite
differences

𝜕2𝑈𝑖
𝜕𝑥2 ∼ 𝑈𝑖−1 − 2𝑈𝑖 + 𝑈𝑖

Δ2
𝑥

, 𝑖 = 1, … , 𝑘 − 1,

𝜕2𝑉𝑖
𝜕𝑥2 ∼ 𝑉𝑖−1 − 2𝑉𝑖 + 𝑉𝑖

Δ2
𝑥

, 𝑖 = 1, … , 𝑘 − 1,
(5.16)

the equation (5.13) becomes

𝜕𝑈𝑖
𝜕𝑡 = 𝑎 + 𝑈 2

𝑖 𝑉𝑖 − (1 + 𝑏)𝑈𝑖 + 𝜈 𝑈𝑖−1 − 2𝑈𝑖 + 𝑈𝑖
Δ2

𝑥
,

𝜕𝑉𝑖
𝜕𝑡 = 𝑏𝑈𝑖 − 𝑢2

𝑖 𝑉𝑖 + 𝜈 𝑉𝑖−1 − 2𝑉𝑖 + 𝑉𝑖
Δ2

𝑥
, 𝑖 = 1, … , 𝑘 − 1.

(5.17)

The values on the boundary nodes are fixed by the boundary condition 𝑈0 = 𝑈𝑘 = 1, 𝑉0 = 𝑉𝑘 = 3.
We can now use Runge-Kutta integrator to solve (5.17) forward in time. Since the stiffness of the
problem increases with the number of nodes, explicit stabilized Runge-Kutta methods such as RKC
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or ROCK2 are a good choice for integration of this equation in time. In Figure 5.1 we plot the result
of a numerical simulation with 𝑘 = 30 discretization nodes. For integrating (5.17) we used ROCK2
method (2.23) with step-size ℎ = 𝑇 /𝑁, 𝑁 = 200.
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Fig. 5.1 Numerical solution of Brusselator problem (5.13) solved by method of lines and ROCK2
method. Space variable 𝑥 is uniformly discretized on 30 nodes, while the time is discretized on 200
nodes.

5.3 Bayesian Inference Tests

In this section we consider inverse Bayesian problem in which the forward operator G(𝑢) → Y is
given as a solution to the Brusselator problem (5.13). We consider the unknown prior 𝑢 to be initial
condition of Brusselator equation,

𝑢 = (𝑈(⋅, 0), 𝑉 (⋅, 0)) . (5.18)

The belief about the prior 𝑢 is modeled with a probability measure 𝜇0 = 𝜇𝑈 × 𝜇𝑉 , where 𝜇𝑈 ∼
N (1, C) and 𝜇𝑉 ∼ N (3, C) are Gaussian priors on functions 𝑈(⋅, 0) and 𝑉 (⋅, 0), respectively. For the
covariance operator C we consider C = 𝛾2 ⋅ (−△)−2, where △ is Laplacian operator and 𝛾 ∈ ℝ+ .
Since the domain for both 𝑈(⋅, 0) and 𝑉 (⋅, 0) is (0, 1), the eigenvectors of the negative Laplacian are

{√2 sin(2𝑛𝜋𝑥)}
∞

𝑛=1
, {√2 cos(2𝑛𝜋𝑥)}

∞

𝑛=1
, (5.19)
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with eigenvalues {(2𝑛𝜋)2}∞
𝑛=1, {(2𝑛𝜋)2}∞

𝑛=1, respectively. Thus, the eigenvectors of the operator C =
(−△)−2 are

{√2 sin(2𝑛𝜋𝑥)}
∞

𝑛=1
, {√2 cos(2𝑛𝜋𝑥)}

∞

𝑛=1
, (5.20)

with eigenvalues being {1/(2𝑛𝜋)4}∞
𝑛=1, {1/(2𝑛𝜋)4}∞

𝑛=1 respectively. Then, the prior 𝜇𝑈 can be ex-
pressed using a Karhunen–Loève expansion with

𝜇𝑈 = 1 + 𝛾 ⋅
∞

∑
𝑛=1

𝑎𝑛√2 sin(2𝑛𝜋𝑥)𝜒𝑖 + 𝑏𝑛√2 cos(2𝑛𝜋𝑥)𝜀𝑖, (5.21)

where 𝜒𝑖, 𝜀𝑖 ∼ N (0, 1) are i.i.d. random variables, and 𝑎𝑛 = 𝑏𝑛 = 1/(2𝜋𝑛)2, 𝑛 ∈ ℕ. Since the
boundary condition is fixed, we drop the cosine eigenvectors in Karhunen–Loéve basis (5.21), and
thus the prior measure for function 𝑈(⋅, 0) becomes

𝜇𝑈 = 1 + 𝛾 ⋅
∞

∑
𝑛=1

𝑎𝑛√2 sin(2𝑛𝜋𝑥)𝜒𝑖. (5.22)

Similar to 𝜇𝑈 , we model the prior 𝜇𝑉 on the initial condition 𝑉 (⋅, 0) with a Karhunen–Loéve expan-
sion

𝜇𝑉 = 3 + 𝛾 ⋅
∞

∑
𝑖=1

𝑎𝑛√2 sin(2𝑛𝜋𝑥)𝜀𝑖. (5.23)

In all computations the Karhunen–Loéve bases are truncated to the first 𝑑𝑢 = 10 modes.
The forward operator G is approximated by the method of lines with 𝑘 = 30 discretization nodes,

and ROCK2 method for integration in time 𝑡 with a step-size ℎ = 𝑇 /𝑁, 𝑁 = 200. The obser-
vations Y are calculated at times 𝜏𝑘 = 𝑘𝑇 /𝐾, 𝑘 = 1, … , 𝐾, 𝐾 = 10 on the discretization nodes
{𝑈𝑖}𝑘−1

𝑖=1 , {𝑉𝑖}𝑘−1
𝑖=1 , using the ROCK2 method with a very fine step-size ℎ. For the noise we choose

𝜂 ∼ N (0, (0.02)2𝐼). We visualize the application of the pCN method in this setting in Figure 5.2,
where we plot the mean of steps 𝑈𝑛, 𝑛 = 1000, … , 𝐼 on discretization nodes 𝑥𝑖, 𝑖 = 0, … , 𝑘 for the
function 𝑈 of Brusselator problem. Furthermore, we plot the standard deviations at every node, as
well as the exact initial condition for 𝑈(⋅, 0) from (5.15). Let us remark that the first 1000 propos-
als are not considered in plotting the pCN results, since the beginning of the MCMC chain usually
poorly represents the distribution. Results are obtained with 𝐼 = 105 proposals. The acceptance rate
for pCN method is close to 10%, with 𝛽 = 0.1.
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Fig. 5.2 Brusselator Bayesian inference of initial condition, generated by pCN method. Orange line
shows the value of true input, while the blue line shows estimated values.
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Chapter 6

Conclusion

In this thesis we studied Runge-Kutta methods for solving ordinary differential equations. We have
particularly considered stiff problems, and discussed how they can be solved using explicit stabilized
Runge-Kutta methods. We have also presented an adaptive time-stepping scheme which improves
efficiency of Runge-Kutta methods.

Part of the study was dedicated to probabilistic numerical solvers for ODEs. We have covered
recent results in the literature, in particular the additive noise Runge-Kutta method (AN-RK) [8] and
the random time-stepping Runge-Kutta method (RTS-RK) [3]. Furthermore, we have devised an
efficient adaptive strategy for the RTS-RK method. We also studied adaptive strategy for the RTS-
RK method which uses only statistical information to quantify the local integration error, which did
not show good performance.

Central research topic of this thesis were Bayesian inverse problems. We first focused on the
finite-dimensional setting, for which we defined the solution as a random variable. We have then
discussed Markov Chain Monte Carlo (MCMC) methods, which were used to sample the solution.
Apart studying MCMC methods, we have presented two particle filtering methods. We have also
formulated ODE parameter estimation problems as Bayesian inverse problems. Particular attention
was devoted to using probabilistic numerical integrators such as AN-RK and RTS-RK method in
Bayesian inverse problems for ODEs. We have introduced two MCMC methods which are used
for probabilistic numerical integrators: pseudo-marginal Metropolis-Hastings (PMMH) and Monte
Carlo within Metropolis (MCWM). To this best knowledge of the author, in this thesis a new result
on convergence properties of MCWM method is presented.

In the final chapter of this thesis we have considered infinite dimensional Bayesian inverse prob-
lems. We have discussed what are the necessary changes required for dealing with infinite dimen-
sional case. We have introduced pCN method, which was used in inverse problem of recovering the
initial condition of the Brusselator problem.
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